PROCEEDINGS 


OF THE 


NATIONAL ACADEMY OF SCIENCES 


Volume 18 February 15, 1932 Number 2 


THE DEVELOPMENTAL MORPHOLOGY OF INFANT BEHAVIOR 
_ PATTERN 


(With a Demonstration of Methods of Systematic Cinematography) 
By ARNOLD GESELL, M. D. 


DIRECTOR OF THE CLINIC OF CHILD DEVELOPMENT, SCHOOL OF MEDICINE, YALE 
UNIVERSITY 


Read before the Academy November 17, 1931 


The behavior of the human infant is fundamentally ordered by ascer- 
tainable, though poorly understood, laws of growth. Behavior is molded 
into characteristic forms by virtue of these laws of growth. And such 
forms, whether statically or dynamically regarded, may be investigated 
from the standpoint of a developmental morphology. 

From the first movements of the foetus to the assumption of erect 
posture the action systems of the organism display patterning. There 
are patterns of specific reflex behavior, patterns of totalized, integrated 
response and patterns of ontogenetic sequence. There is no such thing 
as utter randomness in infant behavior. Even the sprawling of the eight- 
weeks infant is distinctive from that of the twelve-weeks-old. This dis- 
tinctiveness arises out of a deep-seated developmental difference in the 
patterns of posture and of perception. The organization of the growing 
complex of infant behavior is faithfully revealed in outward forms of pos- 
ture, of perceptual adjustment, prehension and adaptive manipulation. 

It is possible to capture these visible behavior forms by means of photog- 
raphy. Fortunately we have in the motion picture camera an effective 
instrument which serves at once for systematic recording and for the 
experimental analysis of developing behavior. The camera records com- 
pletely and impartially; and it remembers infallibly. In any given be- 
havior situation it preserves in totality the correlated plexus of the infant’s 
movements. It registers the simultaneous attitude of head, trunk, arms, 
legs, eyes, fingers, face. It portrays each successive moment of behavior 
in all its significant togetherness, and permits us to study any moment 
as a frozen section of behavior pattern. By close seriation of moments, 
the cinema registers the sequence within a behavior episode. It also 











140 PSYCHOLOGY: A. GESELL Proc. N. A. S. 


chronicles the developmental changes in pattern at successive age levels: 
It provides an authentic record which may be subjected to objective and 
comparative analysis. 

Each record incorporates its own time and space values which can be 
quantitatively expressed. Four feet of 16 mm. film embody 160 individual 
frames which depict 160 phases of a behavior episode, 10 seconds in dura- 
tion. Reinstating systematically a similar episode at six advancing age 
levels yields a developmental record of more than a thousand pattern 
phases. The photographic data do fair justice to the wealth and com- 
plexity of the problems. Cinematography thus becomes a systematic 
tool for recording the phases of behavior pattern in their immediate dy- 
namic sequence; and for delineating with advancing age the progressive 
differentiation of behavior patterns in a developmental cycle. 

With the aid of the accompanying photographs it will be possible to 
briefly indicate the methods which have been developed at the Yale 
Clinic of Child Development, for the cinematographic inventory and 
charting of the growth of behavior patterns in the human infant. Our 
subjects are normal infants selected as to race, gestation period, health, 
parentage and socio-economic factors. Twenty-five or more children 
have been examined at lunar month intervals from 4 weeks through 56 
weeks of age. The infants were observed in a specially designed clinical 
crib, under controlled conditions. The data include stenographic and 
cinema records covering the fields of posture, locomotion, prehension, 
manipulation, attentional regard, exploitive and adaptive behavior. This 
behavior survey has been in progress for five years and has been accom- 
plished through coérdinated studies by research members of the staff 
of the Clinic.* 

The basic arrangement for securing the cinema records is an observa- 
tion dome 12 feet in diameter located in the photographic laboratory. 
(Fig. 1) The structure is hemispherical, but is the reverse of its as- 
tronomical prototype because the route of observation is from without 
inward. The operator, observers and parent are stationed outside; the 
infant is in the crib in the universal focal area of the cameras located on 
two quadrants which are at right angles to each other. The dome is 
encased in a white-painted, 16-mesh wire screen and is illuminated with 
well-diffused soft light by Cooper Hewitt combined with Mazda lamps. 
The surrounding laboratory is darkened. Through these optical condi- 
tions the wall of the dome becomes a one-way vision screen, effectively 
concealing the observers from the infant who himself is clearly perceived 
as he displays his repertoire of behavior in his crib. 

The clinical crib (Fig. 2) is designed to give uniformity to the ex- 
perimental behavior situations. It is equipped with adjustable plat- 
form, panels and side rails, and a container for behavior test materials. 
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The infant may be put in a small chair (morris type) before a table top 
on which a stimulus object is placed in accordance with standardized 
procedure. 

Cinema cameras, spring-wound and housed in sound-quieted boxes, 
travel on the quadrants and may be poised in any desired position be- 
tween horizon and zenith. These cameras operate singly; or simul- 


taneously, to give pictorial control of the third dimension. A pair of. 


still cameras in electrical connection may be used to give a simultaneous 
record. Figure 3 pictures a synchronous frontal and overhead view of 
a pair of identical twins, each of whom is making approach on a small 
pellet (7 mm. in diameter) placed on the table top. Incidentally it may 
be noted that these infant twins were not only extremely similar in physi- 
cal characteristics, but showed an amazing degree of resemblance in the 
configuration and the maturing of their behavior patterns. 

The cinema film supplies at once the vehicle and the basic material 
for the analysis of a restricted behavior pattern like the prehension of a 
pellet; or of a more complicated pattern like the adaptive placement of a 
pellet in a bottle. A strip of 16 mm. film, two and a half feet long, re- 
constitutes six seconds of behavior in 100 successive frames. The pattern 
may be minutely analyzed by inspection of each individual frame. This 
is accomplished by a movieola, or, more conveniently, by a special pro- 
jection desk [designed by Halverson] operated by hand, permitting the 
image to be repeatedly viewed at will in full and slowed motion, or in 
stilled pattern phases. 

The systematic cinema films of The Clinic of Child Development have 
been classified and catalogued by library methods and are booked in 100- 
foot reels. Fourteen age levels are represented in the material which 
because of its flexibility permits a wide range of manipulation for purposes 
of comparative observation. In developmental studies it is highly use- 
ful to bring past and present data into close conjunction. Indeed, the 
scientific value of cinematography lies in the fact that it renders possible 
three kinds of observation: analytic, repetitive and manipulative, It 
also permits to an unlimited extent a genetic codification of the changing 
patterns of infant behavior. The problem of systematic cinematography 
is to select and to seriate pattern phases in a manner which will delineate 
significantly the increments and configurations of behavior growth. 

The manner in which the growth changes of behavior pattern assert 
themselves is illustrated by the group of photographs which show the 
typical prehension reactions of an infant in the pellet situation at six 
stages of development (Fig. 4). The characteristic course of the de- 
velopment of pellet prehension patterns is recapitulated below. The 
following normative synopsis covers 12 lunar-month periods beginning at 
8 weeks: 
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8 weeks: No visual regard for pellet 

12 weeks: Transient regard for pellet (rarely) 

16 weeks: More prolonged regard, usually delayed 

20 weeks: Immediate, definite regard, sometimes with increased hand-arm activity 

24 weeks: Approaches pellet with pronate hand; contacts pellet with little or no 
finger adjustment 

28 weeks: Approaches pellet with raking flexion of fingers, without thumb opposition; 

: occasional delayed palmar prehension 

32 weeks: Approaches pellet with raking flexion but with increased thumb participa- 
tion and digital prehension 

36 weeks: Approaches and contacts with simultaneous flexion of fingers: prehends 
with defined thumb and index opposition 

40 weeks: Approaches with all fingers extended; contacts with index finger and later 
prehends by drawing index finger against thumb 

44 weeks: Promptly prehends with index and thumb and with increased obliquity of 
hand attitude 

48 weeks: Approaches with index finger extended and lateral digits flexed; prehends 

2 with delimited plucking by index and thumb 
52 weeks: Approaches and plucks pincerwise with increased deftness 


The above summary, though sketchy and condensed, is presented to 
show in principle the possibility of specifying developmental increments 
of behavior pattern at lunar month intervals in the first year of life. Be- 
havior patterns when carefully defined become biological indices of the 
developmental maturity of the infant. With the aid of cinemanalysis 
the patterns can be portrayed and arrayed in genetic series to make them 
serviceable for the diagnosis and interpretation of developmental status. 

To demonstrate the significance of a comparative approach in the 
study of developmental increments, we have prepared a special film pic- 
turing an infant’s behavior at 24 weeks and again at 28 weeks, and then 
again both of these “behaviors” of the selfsame infant in simultaneous 
juxtaposition. This film, illustrating the method of coincident projection, 
was shown in connection with the present paper. Figure 5 represents 
an excerpt of several frames taken from the duplex section of the film. 
Each frame consists of two prints made from two originally independent 
negatives. In actual projection the left-hand print renders the cube 
behavior of a 24 weeks infant; the right-hand print renders comparable 
behavior of the selfsame infant at 28 weeks. The rendering on the screen 
is simultaneous so that we secure an immediate comparative view of two 
adjacent sets of pattern, expressing two successive levels of maturity. 
Such a comparative film makes manifest the objective, analyzable and 
measurable aspects of behavior patterning; and indicates the possibility 
of building up a morphological account’ of that ‘‘progressive differentia- 
tion codrdinated in time and place’’ which is the essence of mental as 
well as physical growth. 

The nature of the developmental increment which occurs between 24 
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ILLUSTRATIONS 


Figure 1. The Photographic Recording and Observation Dome. The dome is 
located in the laboratory of The Yale Clinic of Child Development. The interior of the 
dome is illuminated. The surrounding laboratory is darkened. The infant is examined 
in the clinical crib in the center of the dome. The dome is encased in a one-way 
vision screen which permits complete visibility for the observers outside but conceals 
the observers from the infant. A motion picture camera enclosed in a sound-quieted 
box attached to the curved track of the dome makes a cinema record of the infant’s 
behavior. 


Figure 2. Clinical Crib, 


Figure 3. Simultaneous Instantaneous Photographs of a Pair of Identical Twins, 
showing similarity of behavior pattern in prehensory approach upon a pellet. 


Figure 4. Patterns of Pellet Prehension at 20, 24, 28, 32, 40, 52 Weeks. 


Figure 5. Frames from a Cinema Film, Illustrating the Method of Coincident Pro- 


jection. The patterns of cube behavior in the same infant at 24 and at 28 weeks are 


shown in juxtaposition. 
Figure 6. Stilled Pattern Phases of the Cube Behavior of an Infant at 24 Weeks. 


Figure 7. Stilled Pattern Phases of the Cube Behavior of an Infant at 28 Weeks. 
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24 WEEKS - 4 - 14 - 17.5 - 18 - 20.5 - 36 Secs, 
FIGURE 6 




















28 WEEKS - 10 - 11 - 19.5 - 22 - 26 - 29.5 Secs. 
FIGURE 7 
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and 28 weeks of age is further illustrated in the photographic frames as- 
sembled in figures 6 and 7. Each individual photograph represents a 
stilled pattern phase of a behavior sequence. The behavior episode is 
initiated by the examiner who places a one-inch red cube in the left hand 
of the child and then places a similar cube on the table top of the clinical 
crib within prehensory reach. The time of occurrence of each phase of 
behavior is indicated in seconds in the legends for both ages. These stilled 
pattern phases disclose the following differences between the two age 
levels of this infant: At 24 weeks he chiefly heeds the cube in hand, in- 
tently regards this cube, transfers it, bangs it and mouths it. He gives 
transient regard to the cube on the table. At 28 weeks he first heeds 
the cube in hand but soon perceives the table cube and promptly prehends 
it; he retains both cubes, regards each in turn and brings them into sketchy 
contact with each other. These differences indicate a palpable advance 
in behavior organization. One of the systematic tasks of developmental 
psychology is the formulation of such pattern differences by normative 
and, as far as possible, by biometric methods. 

It is not, of course, suggested that all infants pursue precisely the same 
course of development even in such functions as posture and prehension; 
but our normative -studies have shown significant consistencies in the 
tempo, the forms and sequences of behavior growth which point to the 
presence of a lawful developmental mechanics. Systematic cinemato- 
graphy helps us to delineate by ordered specification many of the norma- 
tive characters and trends of this behavior growth. We have, therefore, 
begun the compilation of a cumulative Photographic Atlas of Infant Be- 
havior Patterns, embodying objective, normative criteria for the further 
study of the constant and variable features of mental growth. 

Without implying any dualism it is suggested that mental growth like 
physical growth is a process of morphological organization. The infant 
does not grow psychologically by a compounding of discrete reflexes, nor 
solely by a conditioning of innate functions. He is a highly unified or- 
ganism by virtue of the intrinsic architecture of his nervous system. 
He is sensitive to environment, but he achieves his behavior capacities 
primarily through inherent growth processes. His whole behavior equip- 
ment, including acquired dynamic traits, is regulated and consolidated by 
a stable substrate of maturation which keeps casual influences well in 
check. His psychological make-up, therefore, has a consistent organic 
structure constituted of action patterns which are basically the product 
of a lawful morphogenesis. 

* The following have participated in the program of research: Dr. Helen Thompson, 
Research Associate in Biometry; Dr. Henry M. Halverson, Research Associate in 


Experimental Psychology; and, at the younger age levels, Dr. Catherine Strunk- 
Amatruda, Research Assistant in Pediatrics. 
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ALLOTROPY OF LIQUID BENZENE 
By ALAN W. C. MENZIES AND D. A. Lacoss 
Frick CHEMICAL LABORATORY, PRINCETON UNIVERSITY 


Communicated December 19, 1931 


Because we have been studying the effect of so-called intensive desicca- 
tion upon the behavior of liquid benzene, we were interested in the literature 
bearing upon the physical properties of this liquid. Ordinary benzene is 
usually considered to approach the normal rather than the abnormal type of 
liquid. We wish here to point out that the rate of change with temperature 
of several physical properties of liquid benzene suffers a more or less 
abrupt alteration in the neighborhood of 40°. The change is not con- 
spicuously large and, doubtless for this reason, seems to have escaped 
comment, if not notice. Furthermore, inaccurate measurement may 
entirely mask the anomaly. 

A. On plotting against temperature Sidney Young’s! experimental 
values for the specific volume of liquid benzene, we observed that the 
graph showed a faster change in direction near 36° than at neighboring 
temperatures. This is shown in figure 1, graph A, where we have drawn 
two intersecting straight lines through the observed points. These inter- 
sect about 36°. If the specific volumes as observed by Meyer and Mylius? 
are similarly graphed, the point of intersection is found several degrees 
higher. 

B. Thesame figure, graph B, shows in like manner a plot of the values of 
Parker and Thompson’ for the refractive index of benzene against tempera- 
ture. Our straight lines intersect about 43°. 

C. On the same figure, graph C exhibits the influence of pressure upon 
the melting point of benzene, according to the experimental observations of 
Puschin and Grebenschtschikow.* The straight lines drawn by us intersect 
about 51°. 

D. On the same figure, graph D shows values for the dielectric constant, 
taken directly from the thesis of W. N. Stoops.® The values given in the 
publication of Smyth and Stoops® had been interpolated so as to yield 
rounded temperatures, and do not show the break so sharply. Our 
straight lines intersect about 42°. 

E. On the same figure, curve E shows the values of specific heat as 
measured by Richards and Wallace’ in this laboratory. They have kindly 
permitted us to use their data, which will be published shortly. A similar 
inflexion is obtained on graphing the (more numerous) observations of 
Tréhin,® near 44°; but not if those of Williams and Daniels’ are used. 

In graphing the above five physical properties we have arranged the 
direction of the scales so as to avoid crossing of the graphs, since these are 
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best inspected by viewing them end-on with a line of sight almost in the 
plane of the paper. All five temperature scales are in centigrade degrees, 
three reading upward toward the right and two toward the left. All five 
have been made to coincide at 40°, in whichever direction they run. In 
the case of the two remaining physical properties charted in figure 2, we 
have employed a scale of reciprocal temperatures on the Kelvin scale 
against the Briggs logarithms of the value of the properties, viscosity and 
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Graphs of (A) specific volume, (B) refractive index, (C) pressure 
f for melting, (D) dielectric constant, (E) specific heat of benzene; 
plotted in each case against temperature centigrade. 
, ; , rs ‘ 
F. The viscosity values graphed in figure 2, curve F, are the direct 
observations of Thorpe and Rodger.’° Our straight lines intersect above 
30°. 
G. In the case of vapor pressure, the values of the three runs of Ramsay 
and Young!! were somewhat erratic, doubtless because belonging to differ- 
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ent runs; while the published values of Smith and Menzies? did not extend 
below 65°. We were aware that the values to be found for any physical 
property in International Critical Tables were likely to be smoothed 
values, and we, therefore, referred to the original literature for each 
property, so as to obtain the actual experimental values in each case. On 
consulting these Tables,'* however, in order to find references to the 
original literature for vapor pressure, we were agreeably surprised to find 
that the vapor pressures of benzene below two atmospheres were reported in 
the form of two linear equations, in 1/T and log p as variables, which were 
stated to cover the ranges 0° to 42° and 42° to 100°, respectively. In 
figure 2, graph G, we have drawn these two straight lines, which intersect 
at 45.8°. 
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FIGURE 2. 
Graphs of (F) logarithm of viscosity, (G) logarithm of 
vapor pressure of benzene; plotted in each against recip- 
rocal of absolute temperature, X 10°. 


It is not surprising that the breaks in the seven graphs shown above 
should not occur at precisely the same temperature, since the influence of 
a small quantity of impurity would be large on a transition of such low 
latent heat as is doubtless here in question. 

The term allotropy is noncommittal, and has been used to cover cases 
both of physical and of chemical isomerism. It is applied in describing the 
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two forms of liquid sulphur, and may be used in describing the findings 
reported by Mazur" in the cases of liquid nitrobenzene, ethyl ether and 
carbon bisulphide. 

In the present brief report it has been thought sufficient merely to draw 
attention to the phenomena observed in the case of liquid benzene. A 
more extended study will be published elsewhere. 
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THE FADING OF LAKES AND DYED FIBRES* . 


By WILDER D. BANCROFT AND JOHN W. ACKERMAN 
BAKER CHEMICAL LABORATORY, CORNELL UNIVERSITY 


Communicated December 21, 1931 


A mordant is a substance that is adsorbed strongly by a textile fibre 
and that then takes up the dye strongly. When a dye is taken up by a 
mordant in the absence of a fibre, the product is called a lake. The term 
lake also includes dyed salts, such as barium sulphate. While it has been 
recognized for a long time that the fading of dyes by light in the presence of 
air is usually an oxidation, the data on the fading of lakes and dyes fibres 
are hopelessly confused. 

Indigo is faster to light on wool than on cotton. One could attempt to 
account for this by talking about oxycellulose perhaps acting as an oxidiz- 
ing agent; but then one is confronted by the statement that paranitraniline 
red is faster on cotton than on wool. This is in accord with the fact that 
methylene blue is faster on cotton than on wool; but conflicts with the 
observation that substantive dyes are faster on wool than on cotton. To 
make matters worse, paranitraniline red is theoretically a substantive dye, 
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though not classed as such because it is so insoluble that it cannot be ap- 
plied as the regular substantive dyes are. Chemically, paranitraniline red 
is quite different from such a substantive dye as Congo red. 

The confusion is just as bad when one comes to the dyed mordants or 
lakes. Quercitron, one of the natural dyes, is faster on alumina than on 
tin oxide, and alizarine is faster on tin oxide than on alumina, while acid 
green is faster on alumina than on tin oxide. Acid green is faster to light 
when on zinc oxide than when on tin oxide, but azo-geranine is faster on tin 
oxide than on zinc oxide. We are not taking into account the colored oxide 
of chromium, iron and copper, because the color of the mordant introduces 
an additional complication. 

The dye solutions were made by dissolving two grams of the dye in 500 cc. 
of warm water and then diluting to one liter. The alumina for the alumina 
lakes was prepared by adding 500 cc. of a ten per cent solution of sodium 
carbonate rapidly at 80° with stirring to a 1200-cc. solution of a ten per cent 
solution of aluminum sulphate. The precipitate was washed five times 
and a white colloidal solution was obtained, containing by analysis about 
405 milligrams Al,O; in 50 cc. An alumina lake of alkali blue was prepared 
by heating 40 cc. of the dye for fifteen minutes and adding 25 cc. of the 
colloidal alumina solution. This was precipitated at 60° by adding 80 
milligrams of iron-free aluminum sulphate dissolved in 5 cc. of water. This 
was then made up to a volume of 70 cc. with water and was compared be- 
fore a carbon arc with a dye solution of 40 cc. alkali blue diluted to 70 cc. 
with Water. 

Glass flasks of one centimeter thickness and a capacity of 50-55 cc. were 
so made that a flat side would face the light. Into one flask was placed 
50 cc. of the dye solution and into another 50 cc. of the suspended lake. 
Since the lake has a tendency to settle, a slow current of air was passed 
through it to keep it stirred. To make conditions comparable a similar 
stream of air was passed through the dye solution. Since the Fade-ometer 
in the laboratory was of the old type not containing an electric ventilator 
and humidifier, the moisture was supplied by water maintained in vessels 
placed on the base plate. These were kept full at all times. In order to 
eliminate the possible influence of any generated heat or ozone, two large 
electric fans were directed at the glass-enclosed carbon arc in such a manner 
as to drive the heat or ozone off of the top of the cabinet. Columbia 
violet carbons were used to form the arc. 

The dye solution faded about three quarters in 75 hours’ exposure. The 
lake had faded only slightly in that period and only a little more at the end 
of 164 hours. For equal weights of dye the alumina lake of alkali blue is 
faster to light than the straight dye. The probable explanation is that the 
adsorption of dye by alumina lowers the chemical potential of the dye and 
therefore makes it resistant to light. If this is the true explanation, then, 
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with equal weights of a given dye adsorbed on two different colorless 
mordants, that lake should be faster to light in which the dye is furthest 
from adsorption saturation provided there are no disturbing factors. Ex- 
periment has proved this deduction to be correct. 

Indigo is adsorbed more strongly by wool than by cotton and, as we have 
already seen, indigo is faster to light on wool than on cotton. Acid green 
lakes show decreasing fastness to light in the order alumina, zinc and tin. 
Special experiments showed that the order of decreasing adsorption is 
alumina, zinc and tin. With azo-geranine the order of decreasing fastness 
to light is alumina, tin and zinc, and the order of decreasing adsorption is 
alumina, tin and zinc. With alkali blue the order of decreasing fastness to 
light is alumina, zinc and tin, and the order of decreasing adsorption is the 
same, though the difference in adsorption between hydrous zinc oxide and 
hydrous stannic oxide is not very great and not as much as we think it 
ought to be. 

With alizarine the order of decreasing fastness to light is tin, alumina and 
zinc, while the order of decreasing adsorption is apparently alumina, tin and 
zinc. This is not in accord with the theory as outlined, but there are 
extenuating circumstances. The alumina lake is red, the tin lake is orange, 
and the zinc lake is lavender. While we do not yet know that this differ- 
ence in color is sufficient to account for the difference in behavior to light, 
we can at least see that the three lakes are not strictly comparable. For 
the moment we shall have to leave it at that. 

So far as preliminary experiments go, a given weight of sodium alizarate 
on stannic oxide is fully as fast as an equal weight of indigo on cotton, but 
not as fast as an equal weight of indigoon wool. Not too much importance 
can be attached to this because the two runs were not made simul- 
taneously. We have hitherto assumed that the addition of tin salts 
in the dyeing with Turkey red was intended primarily to increase the 
brilliancy by introducing a mordant with a higher index of refraction. We 
now know that the tin changes the color toward orange which is apparently 
what people wanted and that the tin makes the color faster to light. 

Since a basic mordant adsorbs much less strongly after it has aged, 
the dyed mordant should then be less fast to light. Special experiments have 
proved this to be true. Acid green was precipitated on alumina that had 
been aged for a month and on freshly precipitated stannic oxide. The 
acid green was adsorbed more strongly on the tin oxide than on the alumina 
and was faster to light, reversing the behavior with both mordants freshly 
precipitated. 

While a lake pigment is ordinarily faster to light than the same weight of 
the dye in mass, this is not necessarily always the case. Lithopone was 
zinc sulphide adsorbed on barium sulphate. The early lithopones 
blackened readily in the light with a setting-free of metallic zinc, while zinc 
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sulphide will not blacken under the same conditions of exposure. The 
reason for this seems to be that metallic zinc is adsorbed strongly by 
barium sulphate, thus making it possible for light to decompose zinc 
sulphide. , 

If a basic mordant acts as an oxidizing catalyst, a dye will be less fast on 
it than when present in mass. There are statements in the literature than 
zinc oxide decreases the fastness of dyes to light. We have not checked 
that yet; but there is nothing impossible about it. 

The general conclusions of this paper are: 

1. When a colorless mordant acts solely as an adsorbing agent, 
lowering the chemical potential of the dye, the mordant will increase the 
fastness of the dye to light. 

2. With equal weights of one dye on different colorless mordants, the 
dye on the less saturated mordant will be faster to light. 

3. If the relative adsorbing powers of two colorless mordants are re- 
versed, the fastness to light of the dyed mordants will be reversed. 

4. The fastness to light of a given amount of dye on a given amount of a 
colorless mordant will vary with the physical state of the mordant. 

5. If a mordant or a salt adsorbs one or more of the decomposition 
products very strongly, the lake may be less fast to light than the pure dye. 
No case of that is known definitely for colored lakes; but it is true for the 
white pigment, lithopone, as formerly made. 

6. Ifa colorless mordant acts as an oxidizing catalyst; the dye may be 
less fast to light on that mordant than when pure. It is claimed that zinc 
oxide may act in this way. 

7. An apparent exception to the relation between strength of adsorp- 
tion and fastness to light was found in the alizarine lakes; but they are not 
the same color and therefore not strictly comparable. 


* This work is done under the programme now being carried out at Cornell Uni- 
versity and supported in part by a grant from the Heckscher Foundation for the Ad- 
vancement of Research established by August Heckscher at Cornell University. 
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CYTOLOGY OF THE FEROX-QUERCIFOLIA-STRAMONIUM 
TRIANGLE IN DATURA 


By A. DorotHy BERGNER AND A. F. BLAKESLEE 


CARNEGIE INSTITUTION OF WASHINGTON, DEPARTMENT OF GENETICS, COLD SPRING 
Harpor, N. Y. 


Communicated January 13, 1932 


The best-known group of the genus Datura includes the species D. 
stramonium, D. quercifolia and D. ferox. For each of the three species 
an inbred line was used in making the crosses. The stramonium tester 
was our standard Line 1, which was originally obtained from Washington, 
D.C. The quercifolia tester race came from Fort Davis, Texas and the 
ferox tester from near Buenos Aires, Argentina. As has been shown 
earlier,? different cryptic chromosomal types occur in D. stramonium. 
In consequence different results would have been obtained if we had 
used certain other races of this species as a tester. In the present report 
we are confining ourselves to the results obtained from the use of these 
testers mentioned. 

In the three tester races used, a cytological examination showed that the 
24 chromosomes are arranged as 12 bivalents at first metaphase in 
pollen-mother-cells. 

A similar examination of the pollen-mother-cells of the F, inter se hybrids, 
however, showed configurations involving two or more pairs of chromo- 
somes as shown in figure 1. The stramonium-quercifolia hybrid has three 
configurations involving four chromosomes each plus 6 closable bivalents. 
Each configuration of four is a circle, or when the circle breaks, a chain. 
The stramonium-ferox hybrid also has three configurations: two circles 
involving four chromosomes each and a circle of four to which a bivalent 
is attached (configuration of six) plus five bivalents. All the circles show 
a tendency to break at a particular, fixed point indicated by dotted lines 
in the formulae. As a result they are more frequently found as chains 
rather than as circles. The ferox-quercifolia hybrid has a ‘‘figure-of-eight”’ 
configuration which involves four chromosomes plus ten bivalents. Ap- 
propriate crosses have shown that, so far as the ends of the chromosomes 
are concerned, the chromosomes in the two circles of four chromosomes 
each in the F, between Line 1 and Peruvian races of stramonium are the 
same as those found in the Line 1-ferox and Line 1-quercifolia hybrids. 
Four of the chromosomes of D. ferox and also of D. quercifolia, therefore, 
are the same, so far as their terminal attachments are concerned, as the 
four modified chromosomes in Peruvian races of D. stramonium. Through- 
out our discussion we shall speak of modified chromosomes in terms of the 
chromosomes of our standard Line 1 in D. stramonium. 
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Belling’s hypothesis of segmental interchange between non-homologous 
chromosomes* will explain the occurrence of circles of four chromosomes 
found in intra se stramonium crosses between our standard Line 1 and cer- 
tain races found in nature. 


Inter Se Crosses of Datura 
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FIGURE 1 


The best-known of these configurations is the B circle which is found 
in crosses between the stramonium tester and B races. Segmental inter- 
change (reciprocal translocation) between the 1-2 and 17-18 chromo- 
somes‘ is thought of as having taken place in the origin of the B races 
from Line 1 to produce the chromosomes 2-17 and 1-18. Since like ends 
of chromosomes attract each other, a hybrid between these two races 
shows a circle of four chromosomes which may be represented as follows: 


1-22-17 


| | 


1-18—18-17 


In this and other diagrams in the text the numbers representing chromo- 
somes other than the Line 1 type are shown in boldface type. Peculiari- 
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ties of size and shape enable one to identify the four members of the B 
circle. Appropriate tests have shown that both ferox and quercifolia 
are B races. 

The other type of segmental interchange typical of stramonium races 
| found in Peru involves an interchange between the 11-12! and 7!21-22 
chromosomes.’ The hybrid between our standard Line 1 tester and 
these races from Peru shows the following circle of four chromosomes 
represented thus: 








1312-11—11-21™ 
1212-22—22.217! 


Appropriate tests have shown that both ferox and quercifolia have this 
type of interchanged chromosomes. 

The third configurations found in the stramonium-quercifolia and stramo- 
nium-ferox hybrids involve interchanges which have not been found within 
the species stramonium but which are related to one another and are partly 
identical. In the simpler form, as shown in the stramonium-quercifolia 
hybrid, this configuration is a circle of four chromosomes. In the origin 
of quercifolia we may assume that an interchange took place between the 
7.8° and the 19.20?° chromosomes of D. stramonium to produce the chromo- 
somes 7.2079 and 19.8%. The stramonium-quercifolia hybrid then will 
» show a circle of four chromosomes as follows: 





°8-7 7-20 


| 


§8-19— 19-20”. 





The ferox-quercifolia hybrid showed ten bivalents plus a “‘figure-of- 
eight” configuration which involved four chromosomes. That is, inso- 
far as the ends of the chromosomes are concerned, ten of the twelve pairs 
are identical in ferox and quercifolia. 

The ‘‘figure-of-eight’’ configuration is of rather infrequent occurrence 
within the species D. stramonium. It may be interpreted as the result 
of mutual attraction between like humps on two bivalents; these bivalents 

| are united in the hump region only. The explanation offered to account 
for this type of configuration may be thought of as a limiting case of seg- 
mental interchange between non-homologous chromosomes, namely, a 
reciprocal interchange involving only the humps which are attached to 
ends of the non-homologous chromosomes involved. In thus account- 
ing for the cytological observations, we are merely extending to similar 
humps the theory that like ends of chromosomes are mutually attracted. 
Apparently like ends of two homologous chromosomes attract one another, 








154 GENETICS: BERGNER AND BLAKESLEE  Proc.N.A.S. 


resulting in the formation of a closed bivalent, regardless of whether the 
humps which are attached to the two chromosomes are alike or not. If 
there has been an interchange of humps between two pairs of chromo- 
somes in the origin of a particular race (or species), then in a hybrid with 
this race there will be two bivalents, each of which will consist of chromo- 
somes homologous except for their attached humps. The mutual attrac- 
tion between the two pairs of identical humps which are now located on 
different bivalents results in the joining together of these bivalents by the 
humps only. 

Thus we can account for the “‘figure-of-eight’’ configuration which is 
found in the ferox-quercifolia hybrid. By an interchange of humps be- 
tween the 7-20” and 15-16"* chromosomes which we may assume to have 
taken place in the origin of D. ferox from D. quercifolia, there resulted 
the 7-20’ and 15-16%° chromosomes. The ferox-quercifolia hybrid then 
would show a ‘“‘figure-of-eight”’ configuration of four chromosomes with 
the following composition: 


7:20%—16-15 


Sap eo? 


7-20'*—'16-15. 


The mutual attraction between like humps results in the attachment be- 
tween these bivalents at their humps only. 

The third configuration in the stramonium-ferox hybrid differs from the 
third configuration in the stramonium-quercifolia hybrid in that it involves 
six chromosomes. It is a circle of four to which a bivalent is attached 
by its humps. In analyzing the “‘figure-of-eight’’ configuration in the 
ferox-quercifolia hybrid above, we have already designated two of the 
ferox chromosomes as 7-20'* and 15-167". Another ferox chromosome 
involved in this third configuration must be 19-8*, as will be seen from the 
following consideration. The sizes and connections of chromosomes in 
the stramonium-quercifolia third configuration showed that one of the 
quercifolia chromosomes must be designated as 19-8°. This chromosome 
in the ferox-quercifolia hybrid forms a closed bivalent and therefore D. 
ferox must have the same chromosome (19-8*) so far as its ends are con- 
cerned. In the stramonium-ferox hybrid, then, the configuration of 6 
chromosomes (a circle to which a bivalent is attached) may be explained 
as follows: 

 Sphrians a aerre 
EG ie BA 
ar 

This third configuration in the stramonium-ferox hybrid has proved 
interesting because of its instability in back-crosses to stramonium. A 
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few plants of two back-crosses were examined cytologically with the re- 
sults shown in table 1. The configuration of six chromosomes was re- 
covered only once in thirty plants. Eight plants, however, showed a 
circle of four chromosomes which appears to be identical with the third 


TABLE 1 
FEROX-STRAMONIUM F, BACK-CROSS 














B Peruvian Ferox Srd | Extracted from 3rd 
3a 3b 
. 0 
Aes Pedigree 12 a 

examined number bivalents | py, 

(L+m) (M°+S) (M+m°+u°) | (O+m°) (M°+m°) 
20 290382 15 5 0 6 2 1 1 
10 3001200 5 3 1 2 2 1 i) 
30 20 8 a 8 a 2 1 





























configuration found in the stramonium-quercifolia hybrid and its back- 
crosses. In addition four other plants showed a “‘figure-of-eight” con-— 
figuration which involved four chromosomes. This could not be identi- 
cal with the ‘‘figure-of-eight’”’ configuration that was found in the ferox- 
quercifolia hybrid because of a difference in the sizes of the chromosomes 
involved. In the ferox-quercifolia hybrid the two connected bivalents 
were M° and M°; in the stramonium-ferox back-cross they were M° and 
m°. Both of these types have been recovered in the second and third 
back-crosses. The resolution of the configuration of six chromosomes 
into two separate configurations of four each needs explanation. From 
cytological evidence it appears that crossing-over between homologous 
parts of chromosomes will account for this change in configurations. Our 
hypothesis of how this has taken place will be made clearer from the dia- 
gram in figure 2. We assume that crossing-over in the stramonium-ferox 
hybrid took place between the 7-20'* and the 19-20” chromosomes some- 
where in the homologous region below the humps. Such crossing-over 
between homologous regions of otherwise non-homologous chromosomes 
has been demonstrated by a number of investigators® in such diverse forms 
as Drosophila, Zea mays, Pisum and Oecenothera. The newly formed 
chromosomes then may be designated as 7:20” and 19-20'*. No evidence 
is available as yet regarding the exact place at which the crossing-over 
has taken place. The cytological results observed would be satisfied if 
the crossing-over involved only an interchange of the humps. 

Ordinarily the result of such crossing-over is not detectable cytologi- 
cally because the interchanged chromosomes consist of regions derived 
from only two chromosomes. In the stramonium-ferox hybrid the situa- 
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tion is different. In terms of the stramonium tester, the 7-20'* chromo- 
some consists of parts of three chromosomes: its 7 region is homologous 
with the 7 region of the 7-8* chromosome, the 20 region with the 20 region 
of the 19-20” chromosome, and the 16 hump with the 16 hump of the 
15-16'* chromosome. Therefore, if crossing-over takes place in the 20 
region of the 7-20'* and 19-20” chromosomes, the resulting chromosomes 
will be 7:20” and 19-20%. Such crossing-over is possible only when the 
organism is heterozygous for the interchanged chromosomes. This is the 
situation in the stramonium-ferox hybrid. 


CROSSING OVER BETWEEN HOMOLOGOUS PARTS 
OF NON-HOMOLOGOUS CHROMOSOMES 
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FIGURE 2 


This heterozygous condition also makes possible the incorporation of 
the newly formed chromosomes into viable gametes. The 7:20” chromo- 
some if combined with the 19-8* and 15-16'* chromosomes will form a 
viable gamete; likewise the 19-20! chromosome if combined with the 
15-16” and 7-8* chromosomes will form a viable gamete. If each of these 
gametes is united with a gamete of the stramonium tester, as is the 
case in back-crosses to the stramoyium tester, then two kinds of configura- 
tions will result. The circle of four will be: 
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88-77-20 
§8-19—19-20” 


The “‘figure-of-eight” configuration will be: 
15-16%%°—1620-19 


Sas stn Wri 2 


15-167°— *20-19 


Cytologically the circle of four is indistinguishable from the third 
configuration found in the stramonium-quercifolium hybrid. Certainly 
as far as the ends of the involved chromosomes are concerned it is identi- 
cal with it. The “‘figure-of-eight” configuration is new and promises 
to be a useful tester. 

It is now possible to summarize the analysis of the chromosomes in- 
volved in the configurations found in these interspecific hybrids. D. 
ferox has five chromosomes, out of a possible twelve, whose ends are identi- 
cal with the homologous chromosomes in the stramonium tester; D. 
quercifolia has six. The numerical representation of the seven ferox and 
six quercifolia chromosomes which d.ffer from those in the stramonium 
tester are listed in table 2. In this table also are listed the two new 
chromosomes extracted from the third configuration in the stramonium- 
ferox hybrid. 


TABLE 2 


CHROMOSOMES INVOLVED IN THE CONFIGURATIONS FOUND IN STRAMONIUM-QUERCIFOLIA- 
FEROX HYBRIDS 


























DATURA STRAMONIUM D. QUERCIFOLIA D. FEROX 

Rolled (L) 2 2.17 2.17 

Poinsettia (m) 17.18 1.18 1.18 

Cocklebur (M °) 11.1212 11.2171 11.2171 EXTRACTED FEROX TYPES 
Globe (S°) 2121 . 22 1212.22 1212.22 3a 3b 
Elongate (M°) 7.88 7.20% 7.2016 7 .207¢ 7.88 
Spinach (m°) 19.20% 19. 88 19.88 19. 88 19.2016 
Reduced (M °) 15. 16'6 15. 16'6 15.16” 15. 161° 15. 167° 








The letters in connection with the chromosomes indicate their relative sizes: L 
signifies very large, M, medium, m, small medium and S, small. The circle above some 
of the letters as well as the raised numbers represent humps on these chromosomes. 


The isolation of each of these separate ‘“‘Prime Types’ in the homozy- 
gous condition is in the process of being made. It is planned ultimately to 
recombine these ‘Prime Types’ with otherwise Line 1 stramonium tester 
chromosomes to form the resynthesized species ferox and quercifolia. 

As far as the ends of the chromosomes are concerned, D. ferox and D. 
quercifolia are closely related. 
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It should be pointed out again that in our discussions we have classified 
chromosomal evolution in terms of the chromosomes of our stramonium 
tester Line 1. This is merely a matter of convenience since we are most 
familiar with the chromosomes of this particular race. It is possible 
if not probable, that our tester race is a derived rather than a primitive 
type as may be seen from the following consideration: An examination 
of more than 500 natural races of D. stramonium indicates that the B 
type is the predominant one except in the United States and Brazil. Our 
stramonium tester Line 1 therefore may equally well represent a seg- 
mental interchange that has occurred fairly recently in the evolution of 
the stramonium species. Furthermore, it is known that the ferox and 
quercifolia as well as the /Jeichardtii tester races are B types. But the 
third types of interchange which are common to ferox and quercifolia 
have not been found in any stramonium races. 

It should be emphasized that the chromosomal constitutions that have 
been described refer only to the particular testers used as representatives 
of D. stramonium, D. ferox and D. quercifolia. It is known that certain 
other races of D: stramonium would have given different results because 
of segmental interchanges which apparently took place in their origin. 
Such cryptic types have been demonstrated by intra se crosses. Although 
D. ferox and D. quercifolia have not been studied as yet from this stand- 
point, these species presumably also contain cryptic types. In an ex- 
amination of ten races of D. meteloides crossed to a meteloides tester, two 
configurations due to segmental interchange were identified in the F, 
with one race. Likewise of three races of D. innoxia which were crossed 
to an imnoxia tester, one induced a configuration due to interchange. 
In still another species, D. melel, one of the two races which were crossed 
to a metel tester induced a single and the other induced two separate 
configurations. Therefore the presence of cryptic types has been demon- 
strated in four species of Datura; in fact, in all the species of this genus 
that so far have been investigated from this standpoint. It is probable, 
therefore, that cryptic chromosomal types due to segmental interchange 
are of wide-spread occurrence. 

So far we have found chromosomal configurations in eight different 
inter se hybrids which involved seven species of Datura. In all of these 
we have found configurations interpreted as due to segmental interchange. 
Segmental interchange, therefore, may be assumed to have taken place 
in the differentiation of these species. Just what rédle, however, this 
process has played in speciation is not yet clear. 

Summary.—Three inbred tester races were used in making inter spe- 
cific hybrids involving Datura stramonium, D. quercifolia and D. ferox. 
The results which have been obtained apply to these testers only. 

Both D. ferox and D. quercifolia are ““B” and ‘Peruvian’ types. They 
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show, in common with races of stramonium from Peru, two types of seg- 
mental interchange between non-homologous chromosomes. The B race 
has the stramonium tester chromosomes 1-2 and 17-18 modified to 2-17 
and 1-8. The Peruvian type has the stramonium tester chromosomes 
11-12! and 7121-22 modified to 11-217! and 1*12-22. 

A previously unknown type of interchange is partly identical in ferox 
and quercifolia. In quercifolia, the stramonium tester chromosomes 7:8° 
and 19-20” are modified to 7-20” and 19-8°. In ferox a further interchange 
between the 7-20” and 15-16'* chromosomes has formed the 7-20'* and 
15-16” chromosomes. 

In back-crosses of the stramonium-ferox hybrid this configuration has 
given rise to two new configurations, both of which are explainable on the 
assumption of crossing-over between the homologous regions of the 7-20" 
and 19-20” chromosomes. Such crossing over is detectable in the hybrid 
because in terms of the stramonium tester the 7:20! chromosome is com- 
posed of parts of these three chromosomes 7-8*, 15-16'° and 19-20”. The 
heterozygous condition of the hybrid makes possible the incorporation 
of the newly formed chromosomes into viable gametes. 

So far as investigated, these species of Datura show differences in the 
architecture of their chromosomes which has been interpreted as due to 
segmental interchange. 
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A POSSIBLE INFLUENCE OF THE SPINDLE FIBRE ON 
CROSSING-OVER IN DROSOPHILA 


By G. W. BEADLE! 


WILLIAM G. KERCKHOFF LABORATORIES OF THE B:OLOG:CAL SCIENCES, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA 


Communicated December 19, 1931 


The distribution of genes in the second and third chromosomes of 
Drosophila melanogaster suggests that crossing-over may be influenced 
by the spindle fibre at least in neighboring regions. The disparity be- 
tween the genetic and cytological maps of these chromosomes especially 
in the spindle fibre regions (Dobzhanzky**) is consistent with such a view. 
Sturtevant‘ suggests from studies of crossing-over in Drosophila stocks 
homozygous for inverted sections of the autosomes that crossing-over in 
a given region is a function of the material in that region rather than of 
its position in the chromosome. He found no significant changes in 
amount of crossing-over with change in position of a section of a chromo- 
some with respect to the spindle fibre or the end of the chromosome. 
Muller and Stone’ in a study of crossing-over in the case of a homozygous 
inversion in the X-chromosome of Drosophila apparently found that the 
regions in the inverted section gave normal crossing-over. However, 
since in none of these cases of homozygous inversions did the inversion 
include regions close to the spindle fibre, the possibility remains that the 
spindle fibre influences crossing-over in regions close to it. 

Dobzhansky*® studied crossing-over in a homozygous III-IV trans- 
location in Drosophila (designated as translocation-c) and found no 
significant differences from normal controls. However, the regions which 
might have been expected to be influenced by the spindle fibre were not 
studied. At the suggestion of Professor Dobzhansky, the writer has 
made additional studies of crossing-over in flies homozygous for this 
translocation. The results are reported in the present paper. 

In the translocation stock under consideration a distal segment made 
up of about three-fourths of the right limb of chromosome III (cytologi- 
cally*) is broken off and attached tochromosomeIV The break in chromo- 
some III is close to and to the left of the curled gene (0.7 unit according 
to Dobzhanky’s data* and somewhat closer according to results obtained 
by the writer). Accordingly, in the homozygous translocation flies the 
section of the third chromosome including curled and regions to the right 
is closer to a spindle fibre (of the fourth chromosonie) by a cytological 
distance equal to about one-fourth the length of the right limb of chromo- 
some III. Genetically this distance represents about 2 crossover units 
(standard map’). 
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A stock of the homozygous translocation was made up carrying in one 
of the translocated third chromosomes the genes roughoid (ru), hairy 
(h), thread (th), scarlet (st), curled (cu), stripe (sr), sooty (e°) and claret 
(ca) and in the homolog the normal allelomorphs of these genes. The 
A A ie SI Ss ST i Allof 
ru h th st cu sr e ca 
the recessives were introduced, by crossing-over, from a normal stock. 
The normal allelomorphs of ru, h, th, st, e* and ca were likewise introduced 
from a normal stock. Females of the above-mentioned constitution were 
used for a study of crossing-over by mating with homozygous translocation 
males carrying the above-named recessives in both third chromosomes. 
The control was made up by using the stocks which had been used in 
introducing the desired genes into the translocation stock. 

The standard map’ positions of the loci used are shown in figure 1. 





constitution of this stock was therefore 


$F 


ru h thst | cu sr é& ca 


90 266 424440 [500 620 70.7 1007 
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FIGURE 1 . 
Standard map positions of the loci used. SF refers to the spindle fibre. 





Crossover data from the homozygous translocation stock and the 
control are presented in table 1. These data together with the crossover 


TABLE 1 
CROSSOVER DATA FROM HoMmozyGous TRANSLOCATION-c FEMALES 
(* Aan Sh ok ee 
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data from the heterozygous translocation flies (from Dobzhansky*) are 
summarized in table 2. As compared with the control, crossing-over in 
TABLE 2 


SUMMARY OF CROSSOVER DATA FROM HoMozyGouSs TRANSLOCATION-C, HETEROZYGOUS 
TRANSLOCATION-¢ (FROM DOBZHANSKY*) AND NORMAL FLIES 


PER CENT CROSSING-OVER IN REGION NO. INDI- 
EXPERIMENT 1 2 3 4 5 6 7 VIDUALS 
Homozygous : 
translocation 2:1. 21.2: -63: Bs 0.9 2:8 ‘Sa 5303 
Heterozygous 
translocation 26:9 16.9 .0.9 4.5 3.7 7.0): 238 3185 
Control 27.5 21.3 0.4 Gt 16.9 32.0 80 1019 


flies carrying the translocation in homozygous form is reduced in the 
cu-sr interval from 13.3 to 0.9 and in the sr-e° interval from 11.6 to 2.8 
per cent. Other comparable regions show no differences. Crossing-over 
in flies heterozygous for the translocation is also decreased as compared 
with the controls in the cu-sr and sr-e* intervals. This decrease has been 
explained by Dobzhansky® on the basis of decreased frequency of synapsis. 
The fourth chromosome to which a section of chromosome III is attached 
presumably exerts a mutual attraction with its free homolog. Likewise, 
the two sections of chromosome III and the homologous unbroken third 
chromosome are attracted together. These counter-forces working on 
the broken third chromosome would be expected to interfere with synapsis 
and presumably also with crossing-over. This explanation obviously 
cannot be applied to the homozygous translocation form. One must, 
therefore, seek another explanation of the decrease. 

Crosses were made to test the possibility that the observed decrease 
in crossing-over might have been due to the presence of an extra fourth 
chromosome. It is known from Dobzhansky’s cytological work* on 
the original stock of the homozygous translocation that an extra fourth 
chromosome is probably not necessary for the survival and fertility of 
flies homozygous for the translocation. Crosses of homozygous trans- 
location flies with flies carrying dominant eyeless in one-fourth chromo- 
some and minute-IV in the other gave only two classes, eyeless and minute- 
IV. A total of 22 flies homozygous for the translocation were so tested. 
Since two normal allelomorphs suppress minute-IV this test indicates 
that the homozygous translocation flies did not carry an extra fourth 
chromosome. Two normal allelomorphs also suppress dominant eyeless 
but since the extra fourth chromosome would have carried the recessive 
eyeless-2 gene this test may not be valid. Crosses of 11 homozygous 
translocation flies with haplo-IV gave normal and haplo-IV flies in varying 
ratios but in two cases these were such (215 to 161 and 105 to 116) that 
the translocation parent could hardly have carried an extra fourth chromo- 
some. The fact that haplo-IV flies carrying the translocation survive 
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and are fertile shows that the fourth chromosome to which the section of 
chromosome III has been translocated does not carry a lethal. There 
is therefore no apparent reason why an extra fourth chromosome should 
be necessary to flies carrying the translocation in homozygous form. The 
above tests make it very improbable that the homozygous translocation 
stocks carried an extra fourth chromosome or a fragment of one which 
might have accounted for the observed decrease in crossing-over. 











we 
29.1 202 08 499 ig 334 
SF SF 
FIGURE 2 
Comparison of crossing-over in control and in homozygous translocation-c. Figures 


represent observed percentages of crossing-over. SF refers to spindle fibres. The 
fourth chromosome is designated IV. 


The above data indicate that the decrease in crossing-over in the cu-sr 
and sr-e’ intervals in the translocation stock is due to these intervals 
being closer to the spindle fibre (of the fourth chromosome) than in the 
control by a distance equal approximately to one-fourth the length (cyto- 
logically) of the right limb of chromosome III. 

On the basis of the hypothesis of crossing-over recently presented by 
Sax® the spindle fibre should reduce crossing-over in its immediate neighbor- 
hood. If the opening out of chromatids at diplotene is determined in 
the reductional plane at the spindle fibre then interference with crossing- 
over for a distance on both sides of the spindle fibre would be expected. 
On the basis of the crossing-over hypothesis put forward by Janssens’° 
and recently supported by Darlington! or on the scheme of Belling!” 
there is no apparent reason why the spindle fibre should interfere with 
crossing-over. 

Coincidence values across the break in chromosome III have been 
calculated. They are as follows: 


REGIONS COINCIDENCE 
1-6 0.76 
2-6 0.90 
1-7 0.94 
2-7 1.01 


As might have been expected there is no significant interference of crossing- 
over between the two independent sections of chromosome III. 
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Summary.—Crossing-over data from a homozygous III-IV translocation 
in Drosphila melanogaster indicate that the spindle fibre interferes with 
crossing-over in its immediate neighborhood. 
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who suggested the study here reported and furnished the original stock 
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AN EXPANSION OF MEROMORPHIC FUNCTIONS 
By J. L. WALSH 


DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated January 9, 1932 


It is the primary object of this note to exhibit a development in series 
of an arbitrary meromorphic function, a development which represents 
the function throughout its entire domain of definition, and which can 
be chosen in an infinite variety of ways. 

TuHeoreM I. If f(z) is a meromorphic function of z (that ts, analytic 
except possibly for poles, at every finite point of the plane), if all the poles of 
f(z) belong to the sequence a, a, a3, ...—>~, where every pole occurs a 
number of times at least corresponding to its multiplicity, and if the numbers 
Bi, Be, Bs, ... are distinct from the a, and uniformly limited, then there 
exists a unique expansion 
z— pi pag (2 — Bi)(z — Be) 4 (1) 


Z— a (2 — a)(z — as) = 








f(2) = a + 


valid for all finite values of 2 other than the points a;. The series (1) con- 
verges absolutely for all values of 2 other than the a; and uniformly in any 
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finite closed region containing no point a;. In such a region the convergence 
of (1) is more rapid than that of any geometric series. é 

In particular we may choose B; = 0, Bm41 = 1/m. Thenif f(z) 1s analytic 
for |z| < 1 and if | Qm| > 1, the sum of the first n + 1 terms of (1) is the 
rational function of degree n whose poles lie in the points a, a2, ..., On, of 
best approximation to f(z) on C: | z| = 1 in the sense of least squares. 

If f(z) is analytic at 2 = 0 and we choose B; = 0, a; ¥ 0, then the sum of 
the first n + 1 terms of (1) is the rational function of degree n whose poles 
lie in the points a, a2, ..., a, which has contact of highest order with f(z) at 
the point z = 0. 

Similarly, if we choose 6; = 0, Bm+1 = 1°/G@m,|@m| > 7, and if f(z) is 
analytic for |z| < 1, then the sum of the first m + 1 terms of (1) is the 
rational function of degree m whose poles lie in the points a, ae, ..., a; 
of best approximation to f(z) on |z| = r in the sense of least squares. 

If the function f(z) is an entire function, the development (1) is valid 
for all values of z or for all values of z except the a,, according as we have 
a, = © Ora,—»>o. In the former case, 6, = 0 gives both best approxi- 
mation in the sense of least squares on an arbitrary circle |z| = 7, and 
contact of highest order at the origin. If we have a, = ~, 8, = 0, the 
expansion (1) is the Taylor expansion of f(z) about the origin. 

Even though the values a, = © and 8, = © cannot be used in (1), ac- 
cording to a literal interpretation of the formula, we interpret that formula 
as admitting the use of those values—although in Theorem I itself the 
value 8, = © cannot occur. Moreover, we do not suppose the a, or the 
8, all distinct, but suppose merely that no a, shall equal a §;. 

If the 8, are all distinct, an expansion (1) of a given function valid in 
the points 6, is unique. For if we set z = (6; we have the condition 








a = f (61). 
If we now set z = fe, we have 
Be — Bi 
F(B2) =at+aQ 
Be — 


so that a; is determined. In a similar manner we see that all the coeffi- 
cients a, are successively uniquely determined. This same fact (unique- 
ness of the determination of the coefficients a, as a result of the validity 
of (1) in the points 8,) also holds even if the 8, are not all distinct, pro- 
vided we make the convention that the validity of (1) at a point 6 at 
which k of the points 8, coincide shall be taken as equivalent to the repre- 
sentation of f(8), f’(8), ..., f“~» (8) by (1) and the respective derived 
series of (1). Under this convention, the coefficient a, is determined 
as follows. Let do, ai, . . ., @,—, be known and let precisely k of the numbers 
Bi, Be, ..-, By coincide with B,4;. If we differentiate (1) formally k times 

















VoL. 18, 1932 MATHEMATICS: J. L. WALSH 167 


and set z = 6,41, we see that a, is uniquely determined by the resulting 
equation. 

Another way of expressing the formal relationship between f(z) and 
the a,, by assuming (1) valid in the points B,, is to determine a, or d,4, 











after a, di, ..., @,~-; have been determined, by the relation 
Be Ss [ft0) - a — SO 
(2 — Bi)( — fr)... .(2 — Bn) i 
aa (2 — Bi)( — Br).-.(@ — Br-a)] _ 3 — Buti 
"= ads — w)...68 — mat PT OS aa 
+ “im tel Bn4i)(s Ae Bn+o) . (2) 





(z fe On 41) (2 a On+2) cA 


and this is an expansion of precisely the form (1). If the left-hand member 
of (2) is not defined for a particular value z = (6; it is to be defined as the 
limit of that left-hand member as z approaches 6,. With this definition 
and under the hypothesis of Theorem I, the left-hand member of (2) is 
analytic even in the points 6,. It is a matter of indifference, as the reader 
will verify, whether a,4, is determined from (1) by the method previously 
described, or from (2) by that same method. 

Theorem I is a special case of the following more general theorem, 
which we shall also prove. 

TueoreM II. [f f(z) is meromorphic for |z| < T, if the poles of f(z) of 
modulus less than T belong to the sequence on, a2, ..., which has no limit 
point of modulus less than A, and where each pole occurs in the sequence at 
least a number of times corresponding to its multiplicity, and af finally the 
points B,, Be, ... are distinct from the a, and have no limit point of modulus 
greater than B < A, T, then there exists an expansion found by tinier polation 
in the points B, 

2— Bi (2 — Bi)(z — Be) 
+ a . 
Z— ay (2 — a)(z — az) 

valid for |z| < (AT — BT — 2AB)/(A — B + 27), z distinct from the 
points a,. The series (3) converges absolutely for all values of z (other than 
the a,) in modulus less than (AT — BT — 2AB)/(A — B + 2T) and 
converges uniformly in any closed region interior to the circle | z | = (AT — 
BT — 2AB)/(A — B + 2T) and containing no point ap. 

The special cases A = © and T = ~— are not excluded; Theorem I is 
the special case A = ©, T = o. 

Theorem II is to be proved by means of the following theorem.' 

Tueorem III. Let the function f(z) be analytic for |z| < T and let the 
numbers a;,(i = 1,2, ...,n; n = 1,2, ...) have no limit point whose modulus 








f(2) = a+ a 
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is less than A, and the numbers B;,(t = 1,2, ...,n +1; n =1,2,...) no 
limit point whose modulus is greater than B < A, T. Then the sequence 
of rational functions (necessarily unique) 

AgnZ” + Ayo" > +... + nn 


(z ei Qin) (2 oF Qon) « ..(2 ea Qnn) 





fnr(z) = (4) 
which coincide with the function f(z) in the points Bin, approaches the limit 
f(z) for | z| < (AT — BT — 2AB)/(A — B + 2T), uniformly for | 2 | < 
R < (AT — BT — 2AB)/(A — B + 27). 

If f(z) is not analytic for | Z | < T but is meromorphic, with a finite number 
of poles of modulus less than T distinct from the 6;,,, Theorem III may still 
yield a result on the expansion of f(z), as we proceed to indicate. Let 
the first m of the numbers a1, a), ...; Qn DE ay, a2, ..., Am, Independent 
of n (n-= m), and let the poles of f(z) of modulus less than T be included 
in this set, each pole enumerated according to its multiplicity. Let the 
first m’ of the numbers B,,, Bon, .--, Bu+in be Bi, Be, ..-, Bm, also inde- 
pendent of n(n = m’ — 1), B; ¥ a;. Weassume the points am+zn(k > 0) 
to have no limit point of modulus less than A and the points By: 44.(k > 0) 
to have no limit point of modulus greater than B, and f(z) is conveniently 
assumed analytic in all the points of interpolation §;,. 

Let R(z) be a rational function of z of the form 


R(e) _@ t egug ~* te, 


(z — a)(z — az)...(@ — am) 





’ 


which takes on the same value as f(z) in the m’ points i, Bo, ..., Bm’; 
this function R(z) is uniquely determined. The function 


7 Joe a | BS ae: 2 | 
seysiihe (2 — Bi)(z — Be)... .(8 — Bm’) saci 


is then analytic for \2| 2 
We approximate to F(z) according to Theorem III by rational functions 
of the form 





be ie +... Oe 
(z x Om+1)(2 a Om+sn)- ..(s — Can) 





F,(2) sos 


In the case m = m’, this function F,(z) is precisely of form (4), where 
m — m’ of the (formal) poles are restricted to lie at infinity. In the case 
m' > m, this function F,,(z) is of form (4) with the additional requirement 


F,(@) = 0, 


this last condition given m’ — m times, equivalent to requiring a zero of 
F(z) at infinity formally of order m’ — m. The function F,,(z) is required 
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to coincide with F(z) in the points By 412 Bm’+o,n.---» Bn+1n) and is thereby 
uniquely determined. In the case m = m’ it follows directly from Theorem 
IIT and in the case m’ > m can be proved in a manner similar to the proof 
of Theorem III (loc. cit.) that we have 


lim F,(z) = F(z) 
n-> © 


uniformly for |z| < R < (AT — BT — 2AB)/(A — B+ 2T). Then 
if we set 
fuls) = R@) + 2— MEW OB Pe) poy 5) 
(z — a)(z — ae) ... (2 — am) 
DgnZ” + Aine” |) +... + an 


(f — a)(z — ae) ... (2 — @m)(Z — Amin) .-- (2 — Onn) 








we have 


f(z) = lim f,(2) (6) 
n-> © 


uniformly in any closed region interior to the circle |z| = (AT — BT — 
2AB)/(A — B + 2T) and containing no point a, az, ..., a. The 
function f,(z) defined by (5) is of degree m, coincides with the function 
f(z) in the points Bi, Be, ..., Bry Bm’+in» Bm’+on. ---» Buin» and has its 
poles in the points a1, a2, ..., Gm; @mtin» Anton» +--+» &nn» We have thus 
proved a theorem on the expansion of meromorphic functions, which the 
reader will readily state explicitly, and which includes Theorem III as a 
special case, dependent on the hypothesis that the first m of the numbers 
Qiny Q2n, .. +5 Onn are independent of m (n = m) and that the first m’ of the 
numbers Bi,, Bon, ---» Bn+in are independent of n(n 2 m’ — 1); on the 
other hand, we do not here require, as in Theorem III, that the points cj» 
have no limit point of modulus less than A and that the points Bj, have no 
limit point of modulus greater than B so far as the a, and 8, themselves are 
concerned. 

In our discussion of development (6) we have for convenience supposed 
that the first m of the numbers ap, a2, . . ., Xn ate independent of n(n = m), 
but it is naturally sufficient if any m of the numbers a4, ao, ..., Onn are 
independent of n, for m greater than some M. A corresponding remark 
holds with regard to the numbers 8;,. 

In either Theorem III or development (6), if the points a;, (¢ S m) and 
Bin(t S nm + 1) do not depend on n, the formal development of f(z) is 
precisely of type (1); for the function f,(z) — f,,—1(z) isa rational function 
of z of degree n which vanishes in the points z = B:, Po, ..., 8, and which 
has the (formal) poles z = ay, ae, ..., Gy: 


(2 — Bi)(z — Be) ... (2 — Bu) 


(g nae a;)(z — ae) eis (z i Oy) 





fn (2) ~f.-@) = Ay 
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Reciprocally, a formal development of type (1), where the coefficients 
are determined as we have described, is a formal development of type (4) 
where the equations 


B; = Bins tin+t+l, 
ay = Ainy 1 ~ n, 


are valid; the function f,,(z) [sum of the first m + 1 terms of (1)] equals 
f(z) in the points 8;,. 

The same convention that we have made for Theorem I is naturally 
assumed to hold for Theorems II and III and development (6) relative 
to interpolation in multiple points §;,. 

Theorem II can now be proved either (7) by identifying (3) with (6) 
or (47) by applying Theorem III directly as was done in the proof of (6). 
Let us indicate the details according to method (it). 

Choose arbitrarily A’ < A, T’ < T, B’ > B, and choose N so that for 
n > N we have | a, | pe he Bp | < B’. All the coefficients a, in (3) 
are uniquely determined, and for » > N the left-hand member of (2) is 
analytic for |z| < 7’. Moreover, the points aj, (which may here be 
written a,, > N) have no limit point of modulus less than A’, and the 
points 6;, (which may here be written 8,, 1 > N) have no limit point of 
modulus greater than B’. Then for a fixed m greater than N the equation 
(2) is valid, by Theorem III, uniformly for |z| < R < (A’'T’ — B'T’ — 
2A’B’)/(A’ — B’ + 2T’). It is now allowable to let A’, T’, B’ approach 
A, T, B, respectively; the validity of (2) and therefore of (3) follows, 
uniformly for |z| < R < (AT — BT — 2AB)/(A — B+ 2T). For 
the absolute convergence of the series (2) and hence of (3) we refer to our 
detailed proof of Theorem III (loc. cit.). 

In Theorem III, and hence in Theorem II and expansion (6), if we 
have 8;, = 0, Bix = 1/a;-1,, With A, T> 1, the limit (AT — BT — 2AB)/ 
(A — B + 2T) can everywhere be replaced by (A*T + T + 2A)/(2AT + 
A? + 1); if the given function f(z) is analytic for | | < 1, the approxi- 
mating functions are the respective functions of form (4) of best approxi- 
mation to f(z) on |z| = 1 in the sense of least squares, provided |a;,|>|. 

It may be noticed that in Theorem II and development (6) it is not 
necessary to assume f(z) analytic in all the points of interpolation £,. 
Indeed, so far as concerns the points 8, of modulus not less than 7, the 
condition f;(8,) = f(8,) has no necessary relation to f(z) as a monogenic 
analytic function, and those conditions are essentially arbitrary auxiliary 
conditions. For instance, we may choose k points 6, at infinity and write 
f;(~) = 0 as ak-fold condition, so that expansion (6) includes the extension 
of Theorem III used in studying the convergence of F,(z) for the case 
m’' > m in the proof of (6). 























VoL. 18, 1932 MATHEMATICS: J. L. WALSH 171 


Series of form (1) have been previously studied by Angelescu,? but 
apparently only for analytic (not meromorphic) functions, and only 


under the hypothesis of the existence of lim a, and lim 8,. The con- 
n-> © n-> © 


nection of such series with approximation in the sense of least squares, 
as used in Theorem I, seems first to have been pointed out by the present 
writer.® 

An expansion of form (1) can readily represent the function zero in a 
region (not containing all of the points 8,) without having all of the coeffi- 
cients a, to vanish, as Angelescu? has indicated. This follows easily 
likewise from our present discussion. For instance, let f(z) be analytic 


for| | < T, and let B;, Be, ..., By be of modulus not less than T, while 
Bn+1, Buta --- are of modulus not greater than B. If the numbers a, 
a, ..., are all of modulus greater than A, the coefficients a, a, 


..+) G,—1 in (2) may be chosen arbitrarily; the expansion (2) is valid, 
as follows from Theorem III, and leads to an expansion (1) for f(z) also 
valid uniformly for |z| < R < (AT — BT — 2AB)/(A —B+2T). In 
particular, the expansion is valid if f(z) vanishes identically; the coefficients 
Qo, Q1, ..., @y—1 are arbitrary. 
By an arbitrary linear substitution 
az + B 
a? ae ad — By ~ 0, 

the expansion (3) is transformed into an expansion of precisely the same 
form. In general, the convergence to f(z) at z of an expansion (3) as 
used in Theorem III depends on the analytic or meromorphic character 
of f(z) in all points ¢ such that we have 


(¢ — a)(z — 8B) ees 
(g—a)(t— | ° 


where a and £8 represent respectively arbitrary limit points of the sets 
a, and 8,. Corresponding to this fact, a more general theorem than 
Theorem III can be expressed, which, moreover, is in a form invariant 
under linear transformation; compare the reference already given. 

The restriction a; ~ 8;, which we have constantly made, is a matter of 
convenience rather than necessity. Many of our results are still valid 
if that restriction is removed. 

1 Walsh, Trans. Amer. Math. Soc., 34 (1925). 

2 Angelescu, Bull. Acad. Roumaine, 9, 164-168 (1925). 

3 Compare, however, Malmquist, Compt. rend. du sixitme congrés (1925) des mathé- 
maticiens scandinaves, Copenhagen, 1926, pp. 253-259. 











| (¢, a, 2, B) | = 
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CONTRIBUTION TO THE MATHEMATICAL THEORY OF 
CAPTURE. I. CONDITIONS FOR CAPTURE 


By A. J. LotKa 
New York City 


Communicated January 12, 1932 


The equations for a simple biological system comprising one prey species 
and one predatory species, the latter consuming the former for food, have 
been given by the writer (1920, 1923, 1925), and, independently, by Volterra 
(1926) in the form 


aX, 


a = aX, < kX\Xe 

(1) 
dX 
- = kk'X:X3 — 6X2, 


where X,, X2 are, respectively, the total masses of the two species S; and 
Se; or, with slight and obvious change in the argument and in the physical 
significance of the coefficients, X, and X, may be taken to represent the 
number of individuals in the two species. We shall here read them in 
this latter sense. The coefficients a, k, k’, b, may, in first approximation, 
and especially for small ranges of variation of X; and X, be regarded as 
constants; or, in more exact treatment of the problem, these coefficients 
are themselves functions of X; and X2 (Lotka, 1923; Volterra, 1926). 

The purpose of the present communication is to single out for further 
discussion the term kk’X,X_ in (1), and, in particular, the coefficient k. 
The physical significance of this coefficient depends on the particular 
physical process by which individuals of the species S; ‘‘consume’’ those 
of species S,. We shall here consider the case in which this takes place 
by pursuit and capture, an individual S, being killed, at capture, by an 
individual S,, and consumed in whole or in part. The further resolution 
of the coefficient k is the analytical counterpart of the further resolution 
of the physical process of capture. 

Influence of Topography: Distributed Refuges——Now capture can take 
place in various ways, as, for example, by simple pursuit until the pursuer 
overtakes the pursued. In such case capture can take place only if the 
velocity of the pursuer exceeds that of the pursued; and must take place, 
in that event, provided sufficient time is given. But this is not the typical 
situation in nature. What usually happens is that the pursued runs to 
cover, i.e., to a refuge, and escapes if it reaches effective cover before being 
overtaken. 
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Cover can be of various kinds. In the case of a bird, for example, 
rising from the ground affords effective refuge from terrestrial enemies. 
But a case of particular interest is that in which cover is presented by 
features of the topography. The problem of the frequency of capture 
in this case resolves itself into a triangular study of the relations between 
three classes of factors, namely, 


1. Properties of the individuals 5). 
2. Properties of the individuals S.. 
3. Properties of the topography over which the two species operate. 


Preserving the essential characteristics of typical organisms, but re- 
ducing them to their simplest terms for the purpose of achieving a first 
approach to the problem, we shall conceive the process of capture as follows: 

1. Random Motion between Encounters——Every individual S, and S, 
moves “‘in random manner’’ over the topography so long as it is not “‘in 
encounter’ with an individual of the other species. As a first approxi- 
mation we shall assume that the random motion is rectilineal, the azimuth 
changing at each encounter, all azimuths being equally frequent, and with 
no correlation between azimuths before and after encounter. 

2. Encounters, First Phase: The ‘‘Stalk.’’—About each individual S; 
a field can be described, which we shall speak of as the field of influence 
of S;. In general this field might have various shapes, and might be a 
function of the topography; but still restricting ourselves to the simplest 
case, we shall suppose that the field is a circle of radius r, and center 
attached to S:. This field of influence has the following property: As 
soon as an individual S, enters this field 72, the motion of S: is, in a fraction 
y of such cases, no longer random, but follows a ‘‘curve of pursuit” defined 
as a characteristic property of the species S;. The fraction y measures 
the observabilty (visibility) of S,; with respect to S,. This observability 
depends, in a manner which we shall not here seek to analyze further, 
(a) on features of the environment; and (b) on features of the prey species 
(coloration, mimicry, camouflage, etc.). 

3. Encounter, Second Phase: The Pursuit or Flight—The motion of 
Sz continues as stated under (2) above, until in turn S, enters the field of 
influence of S,. For simplicity we shall here assume that this also is 
circular, with radius 7; and center at S;. From the moment that S, enters 
into the field of S,, e.g., as soon as the prey senses (sights) the pursuer, 
the motion of S,, which until then may have had any random character, 
follows, in a fraction x of such cases, a curve of flight characteristic of the 
species S;. The fraction x measures the observability (visibility) of S, 
with respect to S,. 

Distribution of Cover or Refuges.—In the most general case the topog- 
raphy of the system may be complex, and may require, for its complete 
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definition, a map indicating the character of the terrain at every point, 
as a function of the coérdinates of position. For the present, however, 
we shall restrict ourselves to features of the topography which can be 
defined in statistical terms, and, in particular, we shall consider the in- 
fluence of cover or refuge upon the course of events. In general refuges 
may be distributed in any manner over the topography, with a density 
6 per unit area, and the entire field may be divided into separate domains, 
one domain for each refuge, such that every point within a domain is 
nearer to the refuge (considered as a point) of that domain, than to any 
other refuge. So, for example, in figure 1, the points P;, P:...represent 
refuges. Each is contained within a polygon whose sides are formed by 
the perpendicular bisectors of the joins of adjacent refuge points. For 
example, the point Q, is nearer to P, than to any other refuge. 





FIGURE 1 


The perfectly general case of distribution of refuges may be narrowed 
down in various ways; for example, the refuge density, though variable 
over small areas, may be (in the limit) uniform, provided a sufficiently 
large area is observed. For a restricted patch, of area A, the frequency 
f(A) of the deviation A of the actual density from the mean taken over 
a large field, may be defined by some such law as 


f(a) = ker (2) 


where g(A) becomes very large when A is not small, so that for larger 
areas there are practically no deviations of the average density, from 
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the mean over the entire terrain. This suggestion is here thrown out by 
the way of a hint for further generalization. 

For the present we shall restrict our discussion to cases in which the 
distribution pattern does not materially affect our results, or to conven- 
tionalized cases in which the distribution pattern is simple, as will be 
indicated more in detail later. But first we must isolate for examination 
a single element of the general process under discussion. It is to this 
that the following section is devoted. 

Single Refuge, Single Encounter: Conditions for Capture.—It will be 
convenient, in the following development, to consider first the simpler 
case in which y = x = 1, that is, in which every individual (prey or 
predator) that comes within the radius of observation of its opponent, 
is actually observed by that opponent (predator or prey). 





FIGURE 2 


Consider first, then, a single refuge located at the point O in figure 2. 
Let Pi, Ps, respectively, be the positions of S,, S, at the beginning of the 
second phase (flight) of an encounter between them. Then S; imme- 
diately flees toward O along PO, with velocity %,, while S; pursues it 
with a velocity v, directed always toward S,, that is, toward the moving 
point P,. The point P, then traces a curve of the kind known as a curve 
of pursuit. In figure 3 a family of such curves of pursuit, all terminating 
in the point O, are shown. These correspond, then, to paths traced by 
S in the limiting case that capture occurs just as S, reaches the refuge. 

Now it can be shown* that the tsochrone through P;, that is, the locus 
of points corresponding to equal times upon the several curves of pursuit 
terminating synchronously at O, is an ellipse of eccentricity e = ~ with 

} 
one focus at P; and its center atO. (See figures 2 and 3.) For this ellipse 
the polar equation, dated from P, as pole and P,0 as axis, is 
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Re 
1 — e? 





p = (1 — e cos 6) (3) 


or 
~~) 


R = ———_ 
e(1 — e cos 6) 


(4) 
where p is the focal distance P,O, while @ is the phase or amplitude P2,P,0 
in figure 2, and R is the radius vector PP). 

But, at the beginning of the second phase (flight) of the encounter, 
P; is at a distance 7; (the range of perception of S,, the pursued species) 
from P,;. In other words, at that instant P, lies somewhere on a circle 
drawn about P; as center, with radius 7;. If it lies at the intersection 
of this circle with the ellipse (3), capture will just take place as S; reaches 
the refuge at O. If Pe, on the other hand, lies anywhere in the arc of the 
circle drawn in a solid line in figure 3, the part within the ellipse, then, 
evidently, capture will occur before the refuge is reached; and on the 
contrary, if P: lies in the arc shown in a dashed line, the arc outside the 
ellipse, then S, will escape to the refuge, and there will be no capture. 








FIGURE 3 


To sum up, capture will, or will not, take place, according as, at the 
moment pursuit begins, the pursuer lies within or lies outside an ellipse 
— v : 
(3) of eccentricity e = —, drawn with the refuge O as center, and the 
Ve j 
initial position P, of S, as focus. Analytically this statement takes the 
form that capture will, or will not, take place, according as 


nsR (5) 
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i.e., as 
p(l — e*) 
ns ———— 
= e(1 — e cos 6) (6) 
or, again, according as 
1 AL-& 
92-—- ——_— 
cos @ 2 = a (7) 
or, as 
1 p(l- “| 
6S career vad a 8 
S$ are cos} na (8) 


It will be well to state the meaning of this relation in words. If at 
the beginning of the pursuit the pursued 5S, is at a distance p from the 
refuge, then capture will occur if the angle at which S, sights its pursuer 

an an 
Ss is less than the critical angle are cos} = — p oe 
measured from the straight line P,O drawn to the refuge, from S,, as 
indicated in figure 3. Capture will mot take place, but, on the contrary 
S; will escape, if the angle mentioned 
is greater than the critical angle of cap- Case 
ture. Evidently, as p, the distance from 
the refuge, increases, 0, the critical angle C+ A 
within which capture is possible, in- 
creases also. These facts are brought 
out in the series of diagrams (Fig. 4). 

Five Types of Encounters, and Their 
Analytical Characteristics: Safe, Dan- 
gerous and Fatal Encounters; also Two 
Transition Types.—As has already been 
remarked, it is clear from figure 3 that 


of all possible azimuths of the position ©») C 
P, of Sz with respect to P,O at the ~ 





\ this angle being 


beginning of the pursuit, those repre- eS D 
sented by the dashed portion of the —/ 

circle result in escape, those represented ee € 
by the fully drawn portion result in ia 


capture. 
A number of different cases will present themselves, as follows: 


Division of Entire Territory into Safe Field, Danger Zone and Fatal Field. 


re 
l+e 


l. Ifp< 


the ellipse lies wholly within the circle, without touching 
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it. In that case capture is impossible, escape is certain; S, is safe. (Fig. 
4F.) 
rie 

3. Tie> greys : ms the circle lies wholly within the ellipse, and capture 

is certain; S, is in a fatal position. (Fig. 4A.) 
re rye : 

eee iG oe : : Fin a > rm then the ellipse and the circle intersect. This 
is the case already mentioned, in which capture takes place for some 
azimuths, but not for others, namely, capture takes place whenever 


1 p 1—e? 
@> are cos, — — — 
e 1 e 





Here S; is in danger of capture. (Fig. 4C.) 
4. Limiting cases arise if 
ne 
(a) p= fea ; the ellipse is then internally tangent to the circle. 
Capture is possible (for azimuth exactly @ = 0), but is infinitely im- 
probable. (Fig. 4D.) 


(b) p= es the circle is then internally tangent to the ellipse. 
Escape is possible (for azimuth exactly @ = 7), but is infinitely improbable. 
(Fig. 4B.) 


These cases taken together evidently form a graded series, of which 
a few members are shown in figure 4 to illustrate these relations. If 
we consider a s..ies of positions of P; successively nearer to the refuge, 
the ellipse, at first large and enclosing the circle, gradually shrinks, till 
there is contact at one point. On its further shrinking there is, first 
intersection at two closely neighboring points, so that the angle 6 is small; 
with further approach of P, to the refuge the points of intersection spread 
farther apart, the angle @ increases, and with it the probability of escape. 


Finally, when the distance of P,; from the refuge has fallen to er there 


is again only one point of intersection (contact), the angle @ is 7, and escape 
is assured. On still further approach the ellipse shrinks into the interior 
of the circle. 


* A. J. Lotka, Am. Math. Month., p. 421, 1928. Quite recently the same result 
has been published independently by V. Lalan, Compt. Rend., 192, 468, 1931. 
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A NEW SET OF INDEPENDENT POSTULATES FOR THE ALGE- 
BRA OF LOGIC WITH SPECIAL REFERENCE TO WHITEHEAD 
AND RUSSELL’S PRINCIPIA MATHEMATICA.* 


By Epwarp V. HUNTINGTON 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated January 14, 1932 


The following set of independent postulates for Boolean algebra is ex- 
pressed in terms of “‘logical addition” and “logical negation,” and is of 
particular interest in connection with B. A. Bernstein’s recent paper on 
‘Whitehead and Russell’s Theory of Deduction as a Mathematical Science”’ 
(Bulletin of the American Mathematical Society, June, 1931). 

All the primitive propositions of Whitehead and Russell’s Principia 
Mathematica, when expressed in Bernstein’s ‘‘mathematicized’”’ form, 
are deducible from the present set of postulates, so that the present set 
of postulates may be regarded as one of the simplest and most natural 
sets ‘from which all mathematics may be deduced.” 

The ‘universe of discourse’ is the class of all systems (K, +, ’), where 
K = a class of undefined elements, a, }, c, . . . (interpretable as regions 
in a square), while a + b = the result of an undefined binary operation 
(interpretable as the smallest area which includes both a and 6), and a’ = 
the result of an undefined unary operation (interpretable as the area com- 
plementary to a with respect to the square). 

The postulates are the following six. (A trivial postulate requiring the 
class K to contain at least two elements is assumed without further men- 
. | tion; and in Postulates 3-6 it is assumed that the indicated combinations 
are elements of K.) 


Postulate 1. If a and b are elements of K, then a + b is an element of K. 
Postulate 2. If a is an element of K, then a’ is an element of K. 
Postulate3. a+b=b+ a4. 

Postulate 4. (a+b) +c=a+(b+4+ 0). 

Postulate 5. a +a=a. 

Postulate 6. (a’ + b’)’ + (a’ + Bb)’ = a. 


If the “logical product,” ab, is defined by ab = (a’ + 6’)’, and the 
relation of ‘‘subsumption,”’ a < 3), is defined by writing a < ) when and 
only when a + b = 3, then all the properties of Boolean algebra can be 
deduced from these six postulates. In particular, there is a unique ele- 
ment z such that a + z = a, and a unique element u (= 2’) such that 
a +a’ = u; and if the number of elements in K is finite, it must be a 
power of 2. 

The examples used to establish independence, together with the de- 
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tailed proof that this set of postulates is equivalent to the sets given by 
the present writer in 1904 (and to the sets given by H. M. Sheffer in 1913 
and by B. A. Bernstein in 1916), will be included in a longer paper of which 
the present note is an abstract. 

Two points may be added here. 

In the first place, it can be shown that the Principia-Bernstein list is 
not sufficient to define Boolean algebra without the addition of a further 
postulate, which may be stated in various forms. The following form 
was suggested to me by Mr. P. Henle: 

1.73. Ifa’ + 6b = land b’ +a = 1, thena = db. (Here “1” is used 
to denote the “universe-element”’ of the system.) 

In the second place, while the authors of the Principia base their theory 
“officially” on the operations of addition (+) and negation (’), they 
introduce at the start, and use continually, another operation, a 3 5}, 
defined by the equation a> b = a’ + b. It may be of interest, therefore, 
to note that it is possible to construct a set of postulates for Boolean 
algebra which is expressed wholly in terms of (K,>), that is, wholly in 
terms of what Whitehead and Russell call ‘‘implication.” 

Such a set is the following, in which K is to be thought of as an unde- 
fined class of elements, a, }, c, . . .,and > asan undefined binary operator 
(‘‘horse-shoe’’). 


1’. If aand bare elements of K, then a > b is an element of K. 

2’. There exists a unique element z such that z > a = a2 <a for every ele- 
ment a. 

Definition. adDbdc=(aDdb)rde. 

3’ aadbab=5b39 ada 

‘!. aatevs cac=aa 63 c3.c)3 (63°¢3 c). 

5’. aDdada =a. 

6’. ad (69 2)3929 (@adb52)9 (ADb52) =a. 

7. e920 00 6-49 8. 


If a + 5 and a’ are defined in terms of > by the equations a + b = 
(a> b) > banda’ = a2 g, it can be shown that this peculiar set of postu- 
lates is equivalent to the earlier sets. But the much greater complexity 
of Postulates 1’—7’ as compared with the “naturalness” of Postulates 1-6 
may be taken as an indication that the choice of (K, 3) as the basis of the 
algebra would be far more “‘artificial’’ than the choice of (K, +, ’). 

* Presented to the American Mathematical Society, December, 1931, and since revised. 
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PRELIMINARY NOTE ON THE INVERSION OF THE LAPLACE 
INTEGRAL 


By D. V. WIDDER 


DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated January 15, 1932 


In a previous note in these PROCEEDINGS! we stated the following result: 
If g(t) ts continuous in the interval 0 < t < ~, af lim y(t) = a, and if 
lt=o@ 


f(x) = . “e-*o(t)dt, 


tim x**4 c= ng °(4) =0 (1) 


k=o@ x 


then 


uniformly in the interval OO S x < @, 

This result was obtained in order to discuss the zeros of g(¢) in terms 
of those of the derivatives of f(x). The result has, however, an important 
interest in itself, since it enables us to invert the Laplace integral (1) under 
the conditions described in the theorem. We have, in fact, 


(k) k+1 
ot) = tim (—1)* EO 


uniformly forO St < »,. 

This result was obtained earlier by E. Post? under the restriction of 
continuity on g(t) but without the condition that ¢(¢) approaches a limit 
as £ becomes infinite. On the other hand the uniformity of the approach 
was not obtained by Post. In the present note we sketch a theory where- 
by the integral equation (1) may be solved with mo restriction on ¢(#) as 
to continuity. We simply impose the natural condition that ¢(t) shall 
be integrable in the sense of Lebesgue and (so that the integral (1) may 
converge for x sufficiently large) the condition 


g(t)| <Me" 0<t<.o, 
| o | 


where WM and o are constants. 
We then turn to the problem of inverting integrals of the form 


fe) = 4 ” e*da(l), (2) 


where zo restrictions are imposed on a(t) except those necessary to make 
the improper Stieltjes integral have a meaning: a(t) is of bounded varia- 
















oe oessoos es 


oe aie ng ee ner oo rere oe ee, 
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tion in every finite interval and is such that (2) converges for some x 
sufficiently large. It is important to note that the absolute convergence 
of (2) is not required. The result obtained is the following: 


a(t+) = a(t—) Re lim kc Te ae (< yee =e in| (3) 


These results form a most powerful tool for the solution of the type of 
problem considered by the author in an earlier paper.* For example, 
consider Bernstein’s theorem proved there. It states that if f(x) has its 
derivatives alternately positive and negative in the intervalO < x < o, 
then f(x) can be represented in the form (2) with a(#) a non-decreasing 
function. This result could be predicted at once from (3). For under 
the assumed conditions on f(x) the integrand in (3) is positive so that the 
quantity in brackets is quite obviously an increasing function of t. Hence 
the limit a(#) will be non-decreasing if it exists. We are able to show fur- 
ther that the limit does exist and thus give an elementary proof of Bern- 
stein’s theorem involving no use of the moment problem. Further 
applications of the result are made to the determination of necessary and 
sufficient conditions for the representation of f(x) in the form (2) where 
a(t) is of prescribed form. The following theorems serve to sketch the 
theory. 

THEOREM 1. The limit 


: . Eee 1 (k\ 
—k/ 


exists and has the value 








0 <4 < 3, 
1/, 2 t= 1 ’ 
1 b> -h 
This theorem is proved by obtaining an integral expression for the 


quantity in brackets and then applying known methods to the determi- 
nation of an asymptotic expression for it. 


THEOREM 2. If 
f(x) = [ e “g(t)dt, 


where the integral converges for x sufficiently large and ¢/(t) ts of bounded 
variation in every finite interval, then 


(—1)*f(R/DREt! — g(t+) + o(t-) 
ki tkt+1 ue 2 f 


= 








k=o@ 









































VoL. 18, 1932 MATHEMATICS: D. V. WIDDER 


By use of this theorem we are able to prove 


THEOREM 3. If 
f(x) = f “e-* da(t), 


where a(t) is of bounded variation in every finite interval, the integral con- 
verging for x sufficiently large, then 


tm [st=) +f CO et ga] = SEE ott) 








~ 


It is possible to obtain another expression for a(#) depending on the 
values of f (x + c), where c is any constant. It is 


lim [s~) fe ue u" ele fBED (yy 4 ou _ (t+) + a(t—) 
k=o@ k/t k! z 


This clearly reduces to the result of Theorem 3 when c is zero. 


THEOREM 4. Let 
f(x) = | e~ “o(t)dt, 
0 


where y(t) is integrable in the sense of Lebesgue and uniformly bounded in 
the interval (0, ~). Then 


. (+1 far 
_ ki ft} 








= ¢(t) 


almost everywhere. 

This theorem can easily be extended to the case in which ¢(#) is not 
uniformly bounded but satisfies a condition of the type described in the 
introduction. We give next two uniqueness theorems. 

THEOREM 5. Let f(x) satisfy the condition 


Mk! 
| f(x) | <q, «> 0; R= 0,1,2,... 
x 


Then 





3 Cy e7* f” (b/d RET! 
jim (yt fi re es dt = f(x), x > 0. 


THEOREM 6. Let f(x) satisfy the condition 


* 8 
if see (ujdu | <M, x>0; k=0,1,2,... 
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and lei 
© k 
x(t) = cote f = f*t) (udu + f(). 


Then, if y,(t) is of bounded variation in every finite interval, 


to) 


lim e “do,(t) = f(x), x> 0. 
=o J0 
Both of these theorems can be made more general so as to obtain an 
expression for f(x) in an arbitrary interval. 
By use of these theorems we can prove the following results. 
THEOREM 7. A necessary and sufficient condition that f(x) should be 
completely monotonic for x > c is that 


fe) = bd ” o-*da(t), 


where a(t) 1s non-decreasing and the integral converges for x > c. 
THEOREM 8. A necessary and sufficient condition thai f(x) can be repre- 


sented in the form 
f(x) = s e “da(t), 
0 


the integral converging absolutely for x > 0, is that 
© u® 
ri = | f°t(u) | du<M x>0; k =0,1,2,.. 
x 3 


For earlier proofs of Theorem 7 and Theorem 8 reference may be made 
to the author’s paper already cited.* The proofs now obtained have 
distinct advantages over those given earlier in that they involve no refer- 
ence to the moment problem. 


1D. V. Widder, ““On the Changes of Sign of the Derivatives of a Function Defined 
by a Laplace Integral,’ Proc. Nat. Acad. Sci., 18, 112-114(1932). 

2 E. L. Post, “Generalized Differentiation,’’ Trans. Am. Math. Soc., 32, 723 (1930). 

3D. V. Widder, ‘‘Necessary and Sufficient Conditions for the Representation of a 
Function as a Laplace Integral,”” Trans. Am. Math. Soc., 33, 851 (1931). 
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ON THE UNITARY INVARIANTS OF A SQUARE MATRIX 


By Francis D. MuRNAGHAN 
> DEPARTMENT OF MATHEMATICS, THE JOHNS HOPKINS UNIVERSITY 


Communicated January 6, 1932 


Let A be a square m-rowed matrix with complex (including real) elements 
and let (A, ..., A») denote its characteristic numbers. These characteristic 
numbers furnish the complete system of invariants of A under transforma- 

tion of A by amy non-singular matrix but there are in general other in- 
[oe variants when the transforming matrix is restricted to be unitary and it 
is the purpose of this note to give the complete system of unitary in- 
variants. In the general (= non-special) case there are (m — 1)? real 
unitary invariants in addition to the 2n real invariants furnished by the 
spectrum of characteristic numbers. In the course of the argument will 
be given an explicit evaluation of Schur’s triangular canonical form of an 
arbitrary square matrix under unitary transformations, and the close 
connection between this normalization and the classical orthogonalization 
process of Schmidt will be made evident. 
6 To facilitate the exposition we shall first consider the non-special case 
where all the characteristic numbers are different. To each characteristic 
number ), will correspond a characteristic vector x, which may be supposed 
normalized to the extent of having its magnitude unity, ie., (x, |x,) = 
xp Xh +... + x5 %5 = 1, but there will remain an arbitrary scalar factor 
7, of modulus unity on each characteristic vector x,. If we denote by X 
the characteristic matrix (whose columns are the characteristic vectors) 
X is non-singular (since the characteristic vectors are linearly independent). 
X is indeterminate to the extent of a post-factor phase matrix F (a diagonal 
unitary matrix) whose diagonal elements are the indeterminate scalar 
factors (71, 72, ..., T,) just referred to. In other words if X is a character- 
istic matrix the general characteristic matrix is X, = XF. The second 
norm N = X*X (where X* is the conjugate transposed matrix to X) is 
indeterminate to the extent N, = F*NF (the first norm XX* being 
uniquely determined). The first result to be established is that two 
' non-special square matrices A and B are unitarily equivalent when and 

only when they have the same spectrum (A, ds, ..., A,) and when the 

second norms X*X and Y*Y of any pair of their characteristic matrices 
| (the order in which the characteristic vectors are chosen being determined 
by the ordering of the characteristic numbers) are connected by the 
relation 








Y*Y = F*X*XF; (F an arbitrary phase matrix). (1) 


To demonstrate this result we first recall that the positively definite 











186 MATHEMATICS: F. D. MURNAGHAN Proc. N. A. S. 


matrix X*XK may be factored by the classical method (Jacobi-Toeplitz)' 
into the form T*T where 


™ 
ee 


ed ae 


2 
Sag 


Soo 


= “Sree ~ 

is a triangular matrix. To see the degree of arbitrariness in this factori- 
zation let X*X = T,*T,; = T.*T: be two such factorizations; introducing 
the polar representation described in a previous paper? we have T; = 
U,P, T. = U.P, where U; and U; are unitary while P is the uniquely 
determinate positively definite matrix whose square = X*X. Eliminating 
P we have T.T;' = U,U,* and this product (being both triangular and 
unitary) must be a diagonal phase matrix D. The indeterminate factor 
D in the equation T, = DT, may be used to normalize uniquely T2 so 
that it has its diagonal elements real and positive. Hence there is a 
uniquely determinate triangle matrix with real and positive diagonal 
elements such that 


X*K = T*T. 
The polar representations X = U,P; T = U;P show that 
X = UT. (2) 


This equation gives an explicit formulation of Schmidt’s orthogonalization 
process (normalized by the hypothesis that the diagonal elements of T 
are real and positive). Now the definition of characteristic vectors is 
equivalent to the equation AX = XL, where L is the diagonal matrix 
whose elements are the characteristic numbers (\y, ..., A,) of A. On 
using (2) we obtain at once 


U*AU = TLT™". (3) 


The matrix on the right of this equation is a triangle matrix, being the 
product of three triangle matrices, so that (3) furnishes explicitly Schur’s 
reduction of A to the canonical triangular form by means of a unitary 
matrix. It is easy now to prove the theorem previously stated. As for 
the necessity we know that if A and B are unitarily equivalent: B = 
UAU*, a characteristic matrix Y of B is furnished by the equation Y = 
UX which implies immediately Y*Y = X*X. The sufficiency is proved 
as follows: from Y*Y = F*X*X F and the uniqueness of the normalized 
T it follows that Y = VT,, X F = WT; (V, W unitary). Combining 
these with X = UT we have 

















——y 
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Ti => U,TF; U, = W*U. 


Hence T,LT,~! = U;TLT™'U,* (FLF* = L since diagonal matrices are 
commutative) and as U,*BU, = T,LT,~! by (3) we have U,*BU, = 
U,AU,* or B = U;AU;*(U; = U2Ui) so that B and A are unitarily 


equivalent. 
The diagonal elements of X*X are unity and since X*X is Hermitian 
4 : mee. 

it is determined by the mm elements above the diagonal and as 


these elements are in general complex they involve m(m — 1) real constants. 
The element in the p” row and ¢” column of Y*Y is the product of 
the corresponding element in X*X by 17,/r, and on eliminating these 
(n — 1) ratios there remain n(n — 1) — (m — 1) real unitary invariants. 
Included among these are the moduli of the elements of X*X; denoting 
the element in the »” row and ¢” column of X*X by (pq) the other 
unitary invariants are of the type (pg)(gs)/(ps). Since the canonical 
forms of two unitarily equivalent matrices are unitarily equivalent and 
since the transforming matrix that sends one into another must be a 
diagonal phase matrix (since the common diagonal elements are assumed 
all different) the moduli of the various elements c? of the canonical form 


are unitary invariants as are also the various ratios cfc!/c? * 

The discussion is more complicated when the matrix A is special. There 
are two distinctly different cases. One occurs when each multiple char- 
acteristic number has corresponding to it as many linearly distinct char- 
acteristic vectors as its degree of multiplicity (i.e., the elementary divisors 
of A are simple). To each multiple characteristic number \, of multi- 
plicity g corresponds a linear space S, of characteristic vectors and we 
may choose as our characteristic vectors out of the subspace a set of g 
mutually perpendicular unit vectors. The indeterminateness in the 
characteristic matrix X is now a phase matrix F which is not diagonal 
but consists of diagonal blocks, each of which is a unitary matrix. For 
example, if m = 4 and there are two simple characteristic numbers and one 
of multiplicity two F is of the type 
“=. 0 Ss 
eS <<: @.6@ 

2 € «€ 
ae a, 


(the letter u being used to recall that F is unitary). The rest of the 
argument is as before, the only point of difference being the proof that 
FLF* = L; this follows on account of the equalities between the character- 
istic numbers, i.e., the diagonal elements of L. The number of unitary 
invariants is lessened; it will be sufficient to give the results for a single 


F = 
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case, say m = 3, where there is one characteristic number of multiplicity 
two. The norm X*X is of the form 


1 (12) (13) 
SE=(0D 1 0 
im © 1 
T 0 0 
and F ={0 «2 uw?). Asimple calculation shows that (12)(12) + 
o. «=. 


(13)(13) is the only new unitary invariant. 

The most complicated case of all occurs when the matrix A is degenerate, 
i.e., when the number of independent characteristic vectors is less than n. 
To outline the procedure let us consider a matrix A of order three with 
one simple characteristic number \,; and one double characteristic number 
he also of index one. The two characteristic vectors x, and x; (of unit 
magnitude) are determinate save for scalar factors of modulus unity. 
A third vector x3 is determined by the equation Ax; = xz + ox; and by 
the fact of being perpendicular to x2. Denoting by X the matrix whose 
columns are the vectors (x), X2, X3) we have AX = XA, where A is the matrix. 


M 0 0 
A = 0 de 1 
0 0 de 


As before the factorization X = UT gives Schur’s reduction to the canon- 
ical triangular form. The vector x3; has now the same indeterminateness 
as X2 and so the phase matrix F is of the special type 


T1 0 0 
F =|0 7 ~—O} 
0 0 T3 


so thatFAF* = A. The norm X*X is again of the form 
1 (12) (18) 
(12) 1 0 
(13) 0 (33) 
and distinguishing the corresponding quantities referring to the second 


matrix by primes we have 


(12)’ = (12) 2; (13)’ = (13) 2; 33)" = (33) 


so that we have the three unitary invariants (12)(12); (12)/(13) and (33). 





—————— 








SS 
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1 For a description of this process and an explicit expression of the elements of T, 
see A. Wintner, Spektraltheorie der unendlichen matrizen, 1929, pp. 32-61. 

2 These PROCEEDINGS, 17, 676-678 (1931). 

3 This fact was pointed out to me by Dr. John Williamson of this department. 
This particular form of statement is convenient in a solution of the problem of de- 
termining the region of the complex plane covered by the values of the composite form 
(Ax|x) under the condition (x|x) = 1. This region, which is known to be convex, 
is bounded by an algebraic curve as will be shown in a forthcoming note. 


CONFORMAL TENSORS 
(Second Note) 


By Tracy YERKES THOMAS 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated December 18, 1931 


1. In Note I we emphasized the fundamental idea of covariant differen- 
tiation as the construction of conditions of integrability in tensorial form 
of the equations of transformation of the components of a given tensor T. 
This suggests that we replace these latter equations, in case K = 0 or 
L = 0 so that the method in Note I does not apply, by an algebraically 
equivalent system of tensor character before performing the operation of 
covariant differentiation. We shall consider in this paragraph several 
types of equivalent systems in the above sense. 

Denote by T an arbitrarily given tensor of weight W having the com- 
ponents 7?! and consider the conformal tensor with components 

T3865 me TE Ty: (1.1) 
this latter tensor is called the square of the tensor T and will be denoted by 
the symbol 7?. In the equations of transformation of the components 


of 7*, namely, 
re Sigh d W ?...¢ ¢...d 
Tift of... = [hl Tite Fh ok OD 


let us take the indices k.. .1 to be identical with the indices v...w and the 
indices p.. .g as identical with the indices c...d. Then (1.2) reduces to 


Fidet af = [lag] hf oh. 


and these equations are identical when the plus sign is selected in the 
right members, with the equations of transformation of the components 
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of the tensor 7. Equations (1.2) therefore furnish an example of a system 
algebraically equivalent to the equations of transformation of the com- 
ponents of the tensor 7. 

If we define the tensor 7” as the m’” power of the tensor J by equations 
analogous to (1.1) then it is evident that the equations of transformation 
of the components of 7” are likewise algebraically equivalent to the 
equations of transformation of the components of the tensor 7; in fact, 
for m odd, even the above ambiguity of algebraic sign does not appear. 
It is evident therefore that the equations of transformation of JT” can be 
used in place of the equations of transformation of the components of 


T in the process of forming the conditions of integrability of these latter - 


equations, i.e., the process of covariant differentiation. 
Another type of algebraically equivalent system can be obtained by 
observing that the constants V; defined by 


V,=0, Vv. =1 





’ 


constitute the components of a conformal vector of weight — 


n 2 
i.e., these quantities undergo the transformation . 
Rs 
Vi = | us| ~— Vu. 
Now define 
T?3m VT, (1.3) 
so that 
w-—. 
Thi; ub... .uf = | ug | "t2 79.4 Uj... UjUy. (1.4) 


If f # o@ in (1.4) both members of these equations vanish identically, 
while if f = © these equations become identical with the equations of 
transformation of the components of the tensor J. Hence (1.4) can be 
used in place of the equations of transformation of the components of the 
tensor TJ in the process of constructing the conditions of integrability of 
these latter equations. 

We will refer to the tensor with components given by (1.3) as the aug- 
mented tensor T. The vector with components V; will be called the 
relative numerical vector V. We can also define an absolute numerical 
vector V by the equations 


Vi = P* V,, (1.5) 


ll 


where the quantities P** have been previously defined. Then V ° 
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vi=0 (@ = 1, ..., ), also V° = —1, and these components satisfy 
the relations 
Vi = Vu. 


We see that these latter equations will hold for any value of the com- 
ponent V°, but if this component is taken to be different from —1 the 
relations (1.5) will not be satisfied. It is obvious that a tensor might be 
defined, analogous to the above augmented tensor 7, by using the absolute 
numerical vector V in place of the relative numerical vector V. 

2. Case K = 0.—The process defined in §2 of Note I for constructing 
the complete covariant derivative of the tensor 7’ with components 7?::; 
is applicable provided that the number K given by 


K=2M-2N+2(n+2)W+2-4n 


is different from zero; here M denotes the number of covariant indices 
r...S, N the number of contravariant indices p...g, W the weight of the 
tensor T and m the dimensionality number of the space. If, now, K = 0 
for the above tensor 7, then K = —2 for the augmentated tensor 7. 
Hence the complete covariant derivative of the augmentated tensor T 
can be formed. 

Using the formulae of Note I it follows readily that 





TP fog = TE ee essa (2.1) 

Thfo9 = | = wa eS Se a 2d | Th, (2.2) 
nN 

Tete = TeiGe Gem hws) Od) 

ee ee ee Oe ee ee eee eee 


where the left members of these equations represent components of the 
covariant derivative of the augmented tensor 7. Now consider certain 
of the equations of transformation of the components of this latter tensor, 
namely, the following 
w+. 
Thijerat...uf = || ris T?:*5, .. anm: (25) 

Except for the inconsequential fact that both members of (2.5) vanish 
identically for a = 0, m = 4, these equations are exactly equivalent to 
the equations of transformation of the components of the incomplete 
covariant derivative of the tensor J. On this account, as well as on 
account of the equations (2.1) and (2.2), the process of forming the co- 
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variant derivative of the augmented tensor JT is closely analogous to the 
process of completing the incomplete covariant derivative of the tensor 
T as defined in Note I, and for that reason can be looked upon as a new 
method of completing this latter tensor. We will therefore refer to the 
above covariant derivative of the augmented tensor T as the complete 
covariant derivative, K = 0, or simply as the covariant derivative, K = 0, 
of the tensor T. Since K = 0 likewise for this latter tensor the sequence 
of the components of the successive covariant derivatives of the tensor 
T, has the form 


p...@ ° Dp... ° Db... ; 
Ty. 2 ls.w; Ty. san...) Ts. laam.. 003 a Ss 


The number of covariant indices in the symbols of these components in- 
creases by jumps of 2’ and the weights of the corresponding tensors by 





amounts of — 
n+2 


as we proceed from left to right along the sequence. 
It follows from what was said in § 1 as well as from what was just said 
regarding equations (2.5) that the equations of transformation of the 
components in the above sequence express the conditions of integrability 
obtained by successive differentiation of the equations of transformation 
of the components of the original tensor 7. 

If K = 0 for the tensor 7, then the integer K is equal to (n — 2)(m — 1) 
for the tensor 7” defined in the preceding paragraph. Hence, for m = 2, 


the number K > 0 for the tensor 7” and we can construct the complete 
covariant derivative of this tensor; since, moreover, the effect of the 
covariant differentiation is to increase the number K by 2, it is seen that 
K will never equal zero in the process of forming the successive covariant 
derivatives of T”. 

3. Case L = 0.—If L = O for the incomplete conformal tensor D 
defined in § 3 of Note I, then L = —1 for the incomplete augumented 
tensor D defined by the components 


er ain 7 | PP | 
) Sep — Pe Soe 


This latter tensor can therefore be completed by the method in § 3 of 
Note I and the value of the integer K is equal to m — 4 for the complete 
augumented tensor D so obtained. Hence if m = 4 we must construct 
covariant derivatives, K = 0, of the augmented tensor D; otherwise the 
process of covariant differentiation of Note I applies. 

4. Application to the Conformal Curvature Tensor (n Even).—For 
even values of the dimensionality number » the method of § 2 and § 3 
leads immediately to the following sequences for the complete conformal 
curvature tensor and its successive covariant derivatives. 





ie ——— 


—— 








—————- 
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(n = 4) Birim; , Tain. 2 was 
(n og 6) Biri; } . Mie... eu 
(n = 8) Bye; Byrim; Bien’ 


Each of these sequences begins with the complete conformal curvature 
tensor; and those tensors whose components appear along the main 
diagonal of the above infinite matrix of components, are each of weight 


It is evident that the tensors whose components appear in 





ars 
the above sequences, when combined with the fundamental conformal 
tensor G, constitute a complete set of invariants of the conformal Riemann 


space. 


— 


INTRANSITIVE GROUPS OF MOTIONS 
By LuTHER PFAHLER EISENHART 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated December 28, 1931 


The continuous groups of motions of a Riemannian manifold have 
been the subject of study of geometers for many years, and more recently 
their réle in theoretical physics has been revealed. As a basis for the 
classification of such groups Fubini! announced the theorem: 

If a G, is an intransitive group of motions of a V, and the minimum in- 
variant varieties are of dimensionality q, a codrdinate system can be found in 
which G,, is a transitive group on q variables. The proof of this theorem 
given by Fubini is satisfactory for the case when g =  — 1, but it is not 
convincing for g < » — 1. It is the purpose of this note to give a proof 
of this theorem for spaces with a definite quadratic form (the case con- 
sidered by Fubini) and to give sufficient conditions for it in the case when 
the quadratic form is indefinite. Throughout the paper the variables 
are understood to be real. 

1. Equations of Continuous Groups.—We consider a continuous group 
of order 7, say G,, expressed in terms of m coérdinates x', ..., x", and 
denote by 


a a ; 
xf = ash ale aig (1.1) 
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the symbols of the group. Here, and in what follows, a repeated index 
in a term (in this case a) indicates that the term is the sum of terms as the 
index takes on all its values. The fundamental theorem of continuous 
groups is that a necessary and sufficient condition that X,f are the gen- 
erators of a group is that 


(X,, Xs)f = Co Xf ee = 1, ...,7%) (1.2) 
where the c’s are constants satisfying the conditions 
Coo = —Cre's (1.3) 
CobCed’ + Crad‘Cea’ + Caa‘Ce’ = 0. (1.4) 
Substituting from (1.1) in (1.2), we obtain 


: 8 Oks Cap. 








” -~§ = 1.5 
f Sx" & x" (1.5) 
We denote by g the generic rank of the matrix 

M = || ||, (1.6) 


that is, the rank for general values of the x’s. Evidently g = r. If 
q = n, the group is transitive; if g < m, intransitive. If q < 7, we may 





without loss of generality assume that the matrix || & l|, forh = 1,...,q, 
is of rank g, and put 
h=1 . 
otis y-ee9 W; 
fp = vot ule ae (1.7) 
where the quantities y} are functions of the x’s. Then (1.5) may be 
written 
os og 
Bae — Be = (Cas® + cabo). (1.8) 
Ox ox 


If we take b = p in (1.8) and replace &% by its expression (1.7), the result 
is equivalent, in consequence of equations of the form (1.8) in a and h, to 


Xav> aa &}.,, (1.9) 
where 
"Ste ee A 


Oh, = Cap" + Capt — op (Cai® + igt)( hi =1,....g5 (1.10) 
2 = @ 4, 0, 4% 


When g <:n, that is when G, is intransitive, the equations X,f = 0 
form a completely integrable system, and because of (1.7) there are q 
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independent equations in the set, and consequently there are n — gq inde- 
pendent solutions ¢’(x). Without loss of generality, we may assume 
Oy” 
Ox’? 





that the determinant forr = q+1,...,misnot zero. If we effect 








the transformation 


mam | Oe A=1,...45g; 
x -xivae@ (27ers |) (1.11) 


and note that the functions £{ transform as the components of a contra- 
variant vector, that is, 


Ox’® 
= —, 1.12 
then in the new coérdinate system, which we now call «* (dropping primes), 
we have 
ee Cama aie, 
eng, (1.13) 
Since in the new coérdinate system the matrix | o | forh = 1,...,gis 
of rank g, a set of functions &,, are uniquely defined by 
Enndh — dy, ting _ Sin (A, M, t, h= Bs i “9 Q); (1.14) 
where 
& = 1lor0,asu=rAoru~ps A 


5, = lor0,asi = hori #h. 


In this coérdinate system equations (1.8), when a and 0 take values 1 to 
g reduce to 


oe Ps) ; ; re yer eee 
ack — BoB od +c bet ee me “i. (1.15) 


ax p=q+1,...,7 
and equations (1.9) fora = 1, ..., g may be written in the form 
dg" 
Sok = ie bin (1.16) 


in consequence of (1.14). 
We define functions Lj, by 


En _ 
Lin ay & = = — En 5, bu 
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(The reason for this definition will appear in §2.) From (1.17) we have, 
in consequence of (1.14) 


Og; d 
aye + file = 0 (1.18) 
and 
os — §,,L, = 0. (1.19) 
From (1.17) and (1.15) we have 
Ly — Lou = (hi + hi op) Enokind}. (1.20) 


Since the determinant | eh | is different from zero, the conditions of 
integrability of (1.18) are 


oly, 5Li, . B=1 ee 

—* — —“ + Lili. — Li,L2, = 0 oe een 

Oxs ox* : sites ee ae eT ( ) 
These are necessarily identities, as may be verified by substitution from 
(1.17). 

If we replace 6 in (1.21) by v for v = 1, ..., g, and subtract from these 


equations the corresponding ones obtained by interchanging uw and vy, we 
obtain 





Son See Tye he — Dh) + LCL, — Li) — LED, + Linley 
If we put 
oLx, ou 
A = is — + | Bal a ae i... (1.22) 


Ox" 


the preceding equations may be written 

Dhgg = 25 (L), — Dy) + Bee (Us, ~ U5) + Li,(D4,— Des) ~ Ley(L, ~ De). 

In consequence of (1.20), (1.18) and ( eis these equations are reducible to 
Lew = di 22 8,8) (1.23) 


We inquire whether there exists a transformation of codrdinates of the 
form 


Koo a Poa 
aoe Pe | m Oe od ’ » 4 
x Ce) a he x ( are al (1.24) 


Q 
| 
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such that in the new codrdinate system £’} are independent of x’ for ¢ = 
qg+1,...,m”. The inverse of (1.24) is of the form 


x = po (x, ..., 2"), 2” = x’. (1.25) 


Then because of (1.13) we have &, = 0. If the desired codrdinate system 
exists, on differentiating with respect to x”’ the first set of the equations 


a age Ox”® 
oh = Fo See i 


and making use of (1.18), the second set of (1.26) and the fact that the 
determinant | £} | is not zero, we obtain the following equations of condition: 
Ox” O% Ox 
—————— ba aa CO «CO. ; 
Ox” Ox!” Ox!” v 0 (1 27) 


* Ox!” 


(1.26) 





For the transformation (1.24) we have 


Ox” Ox* 
Ox” Ox’ 








= 


» 
x 
Hence if we multiply (1.27) by > and sum for \, we obtain, with change 


of indices, 
02x" + Lh Ox* dx 


anon" 1M Oe Ox seine 


When we differentiate this equation with respect to x" for r = 1, ..., 
q, reduce the resulting equation by means of (1.28) and subtract from the 
result the equation obtained by interchanging v and 7, we obtain 


Ox Ox* ax? 
De” Da” One Law = 0. — 


When we differentiate equation (1.28) with respect to x” for 7 = q + 1, 

.., m, reduce the resulting equation by means of (1.28) and subtract 
from the result the equation obtained by interchanging o and 1, we obtain 
an equation which vanishes identically because of (1.21). 

2. Groups of Motions.—If the variables x“ are interpreted as the 
codrdinates of points of an m dimensional space, V,,, the space is Rieman- 
nian when a metric is assigned by a quadratic differential form g,,dx“dx* 
where without loss of generality it may be assumed that g.g = gga, and 
where the determinant | Lap | is not zero. In order that the space admit 
a given G, as a group of motions, that is for each infinitesimal transforma- 
tion of the group 6(g,,dx*dx*) = 0, it is necessary and sufficient that the 
following equations of Killing hold in each coérdinate system:? 
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re) Ofer re) re) » Py = 1,...,%,; 
a = 0(%67 a ~~ (2.1) 





Ox* Ox” Ox® 


a=1, 


If g < m, then in the special coérdinate system for which (1.13) hold, 


these equations become for a = 1, ..., g 
ge, o£) Of, SS ee 
N +g bo By + fa 3 oe ea 0. ie Sane (2.2) 


If these equations are multiplied by &,, and / is summed, we have, in con- 
sequence of (1.14) and (1.18), the equivalent set of equations 


8s, 


lo SarLry + &rLbu- (2.3) 


When g = 1, equations (2.2) are the only conditions. However, when 
q < 1, we have in addition (2.1) when a takes the values g + 1 to r. 
When in these equations we substitute from (1.7) and (1.13), we obtain 
with the aid of (2.3) the following equivalent system: 


14h =1 ; 
do" re) ’ id stn’, 4 q; 
gh (sm $2 = + Zr 26) = 0. Dp =q + = egy a (2.4) 
ox, ox® ne 
B, im 1, see N 


Thus when g < 7, the systems (2.2) and (2.4) are the conditions of the 
problem. 
Expressing the condition of integrability of equations (2.3), we obtain 


LerL ru» 5 SrLbw = 0, 


where L»,, is defined by (1.22). When g = r andr = 4, it follows from 
(1.23) that L},, = 0. Hence, equations (2.3), which are the only condi- 
tions to be satisfied in this case, form a completely integrable system. 
Hence a solution is determined by arbitrary initial values of the g’s, which 
when > r may be arbitrary functions of the variables gt ... 2. 
Hence we have the theorem:* 

Any r-parameter continuous group on n variables such that the generic 
rank of the matrix || || is r(=n) is the group of motions of a Riemannian 
manifold whose fundamental tensor gg involves n(n + 1)/2 arbitrary functions 
of n — r variables. 

When = 1, that is when G, is simply transitive, there are n(m + 1)/2 
arbitrary constants; the theorem for this particular case was established 
by Bianchi. 

It is known that when a group is Abelian, that is, when all of the con- 
stants of composition are zero, the codérdinates can be chosen so that 
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“aes” 3 A= 1,...,¢q 
g-ag-o(hbr hid | 
In this case the functions %, (1.10) are zero and from (1.16) it follows 


that the quantities ¢), are independent of x!, ..., x’. Then from (2.4) we 
“ 


re) 
have wes = 0, foro = g +1, ..., m. Hence the ¢’s are constants 


unless the determinant is zero, which is impossible if the fundamental 
quadratic form is definite.‘ Consequently only when g = 1 is an in- 
transitive Abelian group a group of motions. Moreover, every such 
Abelian group is a group of motions, and the quantities g,, are arbitrary 
functions of x“+!, ..., x”, as follows from (2.3), since the quantities F Ol 
are zero in this case. When the group is Abelian and simply transitive, 
the gag are constants.® 

Returning to the case of non-Abelian groups for which g = 7, we observe 
from (1.23) that the quantities L},, are zero and from (1.29) that the 
system of equations (1.28) are completely integrable. Consequently 
it is possible to express the functions ¢* in (1.24) as a power series by means 
of (1.28). In order to insure that the transformation be non-singular, 

N 

the initial values of irr must be chosen so that their determinant is not 


» 


equal to zero. The initial values of on” may be taken arbitrarily, as 
also the derivatives of x” of any order with respect to x', ..., x", or with 
respect to xit+), ..., x". Hence we have the theorem: 


When the rank of the matrix || £2 || of an intransitive group G, is r, there 
exists a codrdinate system for the V,, in which the &’s are functions of x', ..., 
x’ at most, the minimum invariant varieties being defined by x’ t* = const., 

.2p & = const. 

3. When g < r.—Since by hypothesis the determinant | Zap | is not 

zero, a set of functions g*° is defined by 


ogy mae ay. 


If we multiply (2.4) by g*’ foro = g + 1, ..., m and sum for B, we have, 
because of (1.13), 


« 2s 
aN a J = 0. 


If we multiply this equation by g” and sum for y, and note that the 
determinant | e | is not zero, we have that the g(n — q) functions ¢} are 
solutions of the n — g equations 
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2 O° B= iL. Seton ree ) 
= 0 : 
g ( ( ee (3.1) 


ox® jie preey M/, 


Hence at most g of the ¢’s are independent. - 
Suppose that g of them are independent, and denote them by ¢!, ..., 

















|| de" || 
g’; then the matrix | - ||, forh = 1,...,g; a = 1,...,m, is of rank q. 
|| Ox 
| h 
If the determinant | “ad for’ = 1, ..., g is zero, there exist functions 
| OX | 
A,, such that 
de" as 
A, Ox aid (3.2) 
Then from (3.1) we have 
de" 
g’A,—> = 0 (7 =qt+1,...,m) (3.3) 
Ox 
saya de" ; : ; 
Hence if |g” | # 0, we have A, = = 0, which together with (3.2) imply 


Ox 


that the y’s are not independent. But | 2” | ~ 0, if the fundamental 
i 


quadratic form is definite.‘ Consequently the determinant ra is not 
x 





zero in this case, and accordingly a non-singular transformation of co- 
ordinates is defined by 


x® = ox" =x’. (3.4) 


In this new coérdinate system (dropping primes) we have from the 
equations (1.16) for the functions ¢* equations of the form 


®);, = db, (3.5) 


where the & are certain of the functions i}, and being functions of ¢* 
are independent of x‘*1, ..., x”. From these equations and (1.14) it 
follows that 

t= @}. (3.6) 


From these equations and (1.7) it follows that £ are functions of ¢* and 
consequently of x’, ..., x‘ at most. Hence we have: 

When q of the functions > are independent and the fundamental quadratic 
form is definite, there exists a codrdinate system for which (1.13) hold, and 
the components & are functions of x’, ..., x" at most. 

From the preceding argument it follows also that: 

When the fundamental form is indefinite and the coérdinate system is such 
that (1.13) hold and there are q of the functions ¢', of which the jacobian with 
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respect to x', ..., x" is not zero, then in the codrdinate system (3.4) the com- 
ponents > are functions of x', ..., x" at most. 

We consider next the case when there are s(< q) independent functions 
ps denoted by ¢!, ..., y. Suppose that the jacobian matrix of these 
¢’s with respect to x, ..., x” is less than s. Then we have equations of 


the form (3.2) and (3.3) in which h takes the values 1 to s. Hence, unless 
h 


a 





the determinant | g°’ | is zero, we have from (3.3) that the rank of 














is less than s, contrary to hypothesis. If then the fundamental form is 
definite, there is no loss in generality in assuming that the determinant 
de" 


Pa) a ] 
of coérdinates 


for \;,4 = 1, ..., sis not zero. When we effect the transformation 











a TD 5 Se 
xt = gM) 2 = gy? 9 = x [= 5t1,..., q; 
c=g+1,...,m 
in the new codrdinate system all the functions yh are functions of x’, ..., x°. 
Proceeding as above, we have in place of (3.6) £}! = #1, where the 
&’s are functions of x’, ..., x°. We apply now a transformation of co- 
ordinates 
et x Mt, M2 = Gh8(y’t ae), x!” = x’, 


after the manner of (1.24). In place of (1.28) we have 
O°"? ne O47 Ox" | 


a ae #2) 


From (1.23) it follows that L*,,, = Ofora = =s+1,...,”. Consequently 
equations (3.7) are completely integrable as follows from (1.29) for the 
’ system (3.7). Hence the first of the above theorems holds when the 
number of independent functions ¢) is less than g ,and we have the theorem: 

When the fundamental quadratic form is definite there exists a codérdinate 
system for which equations (1.13) hold and the components &, for » = 1, 
.. +, q are functions of x, ..., x" at most. 

Also we have: 

When the fundamental quadratic form is indefinite and there are s(= q) 
independent functions ps af for a codrdinate system in which (1.13) hold, 
the jacobian matrix of the s independent functions with respect to x", ..., Xq 
if of rank s, there exists a coérdinate system in which the components & are 
functions of x', ..., x* at most. 


1“Sugli spazii che ammettono un gruppo continuo di movimenti,” Annali di Mate- 
matica, ser. 3, 8, p. 40 (1903). 
2 Cf. Eisenhart, Riemannian Geometry, p. 234, 1926. 
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3 Cf. Fubini, loc. cit., p. 54. 

4 If the determinant | fru | for A, u = 1, ...,9,(¢ < m) is zero, real quantities are 
defined by the equations g,,¢ = 0. The vector with the components 2 ¢ =0 
(¢c = q+1,...,) isa real null vector, which is impossible, if the fundamental form 
is definite. In a similar manner it can be shown that the determinant | abs | for o,7 = 
1, ..., p cannot be zero for a definite form. 

5 Cf. Bianchi, Lezioni sulla teoria dei gruppi continui finiti di trasformazioni, p. 521, 
1918. 


ON CERTAIN PROPERTIES OF SEPARABLE SPACES 


By SoLoMOoN LEFSCHETZ 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated January 14, 1932 


1. Let R be a separable metric space, A a normal development of R, 
that is a sequence of finite coverings by open sets {x‘} = { { U os i, with 
the following properties: (a) the U’s constitute a fundamental set of 
neighborhoods: (b) every U'*' is on some U’; (c) if U'* ¢ U*, for h high 
enough every U"’ meeting U' is on U**®; (d) every decreasing sequence 
{ UN } ,(UNi +1% %% +1 © UN) converges to a point or to zero. Develop- 
ments of a very general type have been introduced by E. H. Moore, and 
many have been considered on repeated occasions in the theory of abstract 
spaces. In particular, spaces possessing a certain type called regular have 
been investigated with considerable success by Chittenden and Pitcher, no- 
tably in connection with the problem of metrization. Normal developments 
which are considered here for the first time appear to possess just the right 
degree of generality for the comfortable treatment of separable metric 
spaces. By means of them a number of the important theorems in di- * 
mension theory can be derived with little more trouble than in the compact 
case. Above all they have enabled us to obtain the proof as yet unavail- 
able of a basic imbedding theorem on separable spaces. 

2. The fundamental proposition is the 

Existence theorem. R always possesses a normal development. 

We shall only outline the proof here, reserving the details for publication 
elsewhere. Let us identify R with its topological image on the Hilbert 
parallelotope H image whose existence has been proved by Urysohn. 
Since H is compact it possesses a finite covering by open sets o, and the 
intersections of its sets with R determine 2! = {U'*}. We choose a metric 
such that there exists an 7 > 0 such that any subset of R whose diameter 
<n is ona U'*. This is done by modifying the mapping on H, the new 
distance function always yielding distances greater than the old. In 
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the same manner as above we select for 2? an e-covering { U**}, € <7, 
etc. However, when we pass from =’ to ='*' we have to choose a metric 
such that whenever pairs of closed sets U"*, R — U"®, h, j < i, do not meet 
their distance > 0. We thus have an upper bound for e;,, the mesh of 
z‘*! and we choose {«}—>0 monotonely. As a consequence of the 
construction, plus the last condition we verify that A thus obtained is 
normal. 

3. The following additional conditions are readily imposed upon A: 
(a) the order! of 2'*! is the lowest possible for any 2 ¢ 2‘; in particular, 
if the order of R, say w, is finite we can take order 2’ = w for every i; (0) 
F(U) is of dimension < » = dim R. As a consequence and with un- 
important modifications we ¢an extend to R the proof given by Urysohn 
for a compact space of 

The Lebesgue order theorem: dim R = order R. 

Regarding this proposition, for the separable case it was only proved up 
to date that order R < dim R (Menger). 

4. Along with the construction of A we obtain an image R on H of our 
initial space having the following property: Let R* be the closure of R on H. 
The set R* is self-compact and A induces on it a normal development 
A* = {=*'} such that =” is of the same order as 3’ (= designates the 
aggregate of the closures of the sets of 2). Let in particular the 2’s be of 
order w = » = dim R. Then likewise order *' = n for every i. From 
this follows that R* is of order < m and hence that dim R* < n. But 
R* contains an n-set, namely, R itself. Hence dim R* = n and we have 

Imbedding theorem.—R can always be mapped topologically on a compact 
metric space of the same dimension. 

In a recent paper? we have given a number of results regarding the. 
immersion of a compact metric n-space in Syn41. Asa consequence of the 
imbedding theorem they are all valid for any separable metric space. 

1 The order of an aggregate of sets {A | is the maximum number such that there are 
groups of k + 1 intersecting A’s. Let = be a finite covering by open sets and o another 
Cz whose order is the least possible. The upper bound w of k when = varies is the 
order of R. The same number is obtained when the sets of o are closed or merely 
closures of open sets. 

2 Ann. Math., 2, 32, 521-538 (1931). Complete references to the other results 
mentioned in the present paper will be found in the recent article by Tietze and Vietoris 
in the Encykl. der Math. Wiss. (III, AB, 18). 
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COMPLETE TRANSITIVITY AND THE ERGODIC PRINCIPLE 
By EBERHARD HoprF! 
HARVARD COLLEGE OBSERVATORY 


Communicated January 13, 1932 
1. Introduction—Let P denote the points of a manifold Q, and let 
m(A) be a measure in the sense of Lebesgue, defined for certain (measur- 


able) point sets A €Q. Furthermore, let 7,(P), —© <t<+ ©, beaone 
parameter group of one to one transformations of © into itself, 


T.T, =T;4, To(P) =P, 
which preserve the measure m, 
m(T,(A)) = m(A). 
It is supposed that 
lim m(AT,(B)) = m(AB) 


i=0 


holds for any two measurable sets A, B. This continuity supposition is 
certainly fulfilled, if 2 is an analytic manifold and if 7;(P) depends analyti- 
cally upon P and t. 

We set 


f(P) = f(T(P)), 


f(P) being a function of the points of 2. In this note we confine ourselves 
to q.s. (quadratically summable) functions of P. The usual notation 


(f, g) = f f(P)g(P)dm, ||f\| = VGA 


is employed. B. O. Koopman? found that the transition from f(P) to 
f,(P) represents for every ¢ a unitary transformation of the elements f 
of the Hilbert space. This connection with the theory of the Hilbert 
space yields the spectral representation of the group 7,(P), 


+e. 
(fn g) = a e“d(Eyf, g), (1) 


where the projection operators E, satisfy the relations 
E, =0,Ei:.f=f, KE, =E,A2n), Kio = &. 


The time average 


7 Lf 
f (P) = T fi(P)dt 
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exists almost everywhere on Q, f(P) being a q. s. function. Recently 
v. Neumann? proved by means of (1) that any q. s. function f(P) possesses 
a general time average f*(P) in the sense of mean convergence, 


tim [If — pl] = 0 


An elementary proof has been given by the author.‘ By using entirely 
different methods Birkhoff® proved the remarkable fact that actually 


lim f"(P) = f*(P), 
T=0 


except in a set of points P of measure zero. 
The group 7;,(P) is called ‘‘metrically transitive,’’ if m(Q) is finite and if 


m(A)m(Q — A) = 0 
holds for any measurable point set which is invariant under all transforma- 
tions 7,(P) of the group,*® 
TA) = A. 
The notion of metric transitivity plays a fundamental réle in the mathe- 


matical foundation of classical statistical mechanics. In the case of 
metric transitivity we have almost everywhere 


f(P)dm 
m(Q) ’ 


f*(P) = const. = Sa 


(2) 


i.e., the time average is equal to the space average.’ 

2. A Problem of Poincaré. Complete Transitivity—This paper is 
devoted to the solution of another ergodic problem (mélange des liquides) 
considered by Poincaré.” In the case of three dimensions a group 7;(P) 
with an invariant measure m may be realized by a steady flow of an in- 
compressible fluid contained in a vessel. Suppose that initially a certain 
part of the fluid is red colored. Experience shows then that “‘in general’ 
after long time the red color is nearly uniformly distributed in the vessel. 

The mathematical meaning of this fact is that, if the group 7;‘P) 
satisfies certain conditions (which will be stated below), 


e _ Safdm Sf gdm 
hse (fi, g) = (f*, g) =: m(Q) ; (3) 





f, g being any two q. s. functions, in other words, that fort—»> © the 
(likewise for t—> —) functions f,(P) converge weakly (schwache 
Konvergenz). If, for instance, f(P) represents the initial density dis- 
tribution of the red-colored liquid, and if 


g(P)=1, PCA; g(P) =0, PeQd-A, 
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then (f,, g) indicates the exact amount of red-colored liquid which is 
contained in A at the time —/, and we have (f*, g) = const. m(A), i.e., 
we have uniform mixture for |t} —> ~. 

We remark first that the condition of metric transitivity is not sufficient 
in establishing (3). Let y, &# be the angular codrdinates of the points 
P of the torus. Poincaré’ recognized that the group of the transformations 


TAP): ¢, 3 —> ¢ + at, d + Bl; a/B irrational, (4) 


of the torus into itself has not the property (3) though being metrically 
transitive.‘ 

The notion of metric transitivity may be associated with a single trans- 
formation T of Q into itself preserving the measure m. T is metrically 
transitive, if 

m(A)m(Q — A) = 0 
follows from A = 7(A), A being a measurable set. Now a necessary condi- 
tion for (3) is that any transformation 7, of the group is metrically transi- 
tive (except, of course, the identity 7,). Such a group may be called “‘com- 


pletely transitive.’’ Groups 7; probably have this property in general. 
Complete transitivity is certainly a consequence of (3). Indeed, 


T,(A) = A, TA) # A, 0 < m(A) < m(Q) 
implies 7,4 ,(A) = 7,(A). Hence, in setting 
J(P) = 1, PCA; f(P) =0, Peo-A, 


we infer that, for a suitable g(P), 


(fy g) = fern B=T_,(A), 


is a periodic function of ¢ without being constant. 

I was not able to prove that complete transitivity is sufficient for (3), 
although I have little doubt about its being true. As a first approximation 
to the truth, however, the following theorem may be communicated: 

Theorem 1.—Complete transitivity is a necessary and sufficient condition 


that 
l T 
lim +f 
|T| = T Jo 


holds for any two q. s. functions f, g. 
It remains to prove that the condition is sufficient. The function 
(EZ, f,g) is known to be of bounded variation over the whole of — © < AX< + 


ig: eee 


m(Q) t=0 








| 
| 
| 
j 
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o. Let Ay = 0, Ay, Ae, ... be the characteristic values forming the pure 
point spectrum of (1). We have 


(fu 2) = dilt) + dal), 
o1 = yy eno, 2), oo (E, oe E, - ot (5) 


where ¢2 is the Fourier transform of a continuous function of bounded 
variation. Such a function is readily seen (see section 3) to have the 


property 
1 <i 
lim 7. 2 |go(t)|dt = 0. (6) 
T= 0 
The ¢,(P) are characteristic functions, 


o(T(P)) = ee(P), —2 <i<to., 


If we call the sum of an almost periodic function and of a function with the 
property (6) an ‘‘asymptotically almost periodic function,” we infer that 
(f;, g) is a function of this kind. 

It is an important question whether the continuous part of the function 
(E2f,g) is absolutely continuous if the spectrum is associated with a steady 
flow 7,(P). If this is true we would have ¢(/) —> 0 for | ¢| —> © 
and (f,, g) would be the sum of an almost periodic function and a function 
that tends to zero if |‘; —»> ©, in particular, m(AT,(B)) would have 
this property, A and B being any two sets.® 

According to v. Neumann, ¢o(P) is the time average f*(P) of f(P). As 
complete transitivity implies metric transitivity of the group T(P), (2) 
gives the value of the time average. Furthermore, any measurable 
function which is invariant under a transformation T,, a ~ 0, must be 
constant almost everywhere on 2. Hence we conclude that the point 
spectrum contains only one point, \ = 0. Indeed, ¢(P) = e“y(P), 
yg # 0, implies 


2r 
o(Ta(P)) = ¢a(P) = oP), @= >, 9(P) # const. 


We therefore have 


or(t) = const. = (¢o, g) = Jo fin Jasin, (7) 


whence the theorem follows immediately. 

The following theorem may be mentioned in connection with the spectral 
theory. 

Theorem.—Complete transitivity of the group 7;(P) is the necessary 
and sufficient condition that \ = 0 is a simple and the only characteristic 
value of the spectrum of the group. 
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The proof is implicitly included in the above considerations. A char- 
acteristic function belonging to a characteristic value \ # 0 cannot exist 
in the case of complete transitivity. Conversely, if \ = 0 is a simple and 
the only characteristic value, the equations (5),. (6) and (7) hold, and the 
complete transitivity follows from theorem 1. 

3. Proof of (6).—It is sufficient to prove that a function of the form 


sail t 
o(t) = f eMde(n), 


where ¢(A) is continuous, non-decreasing and bounded in (—~, +), 


has the property 
1 a | 
lim af |\@(Z)|dt = 0. (7) 
T=@ 0 


\o(é)|? = f fro — p)ide(r)de(u), 
thus yielding 


aT > loltdt = f fA nT de(Ndetw). 


This integral may be split up into an integral J, over the strip Ir - | <6 
and the remaining integral J;. Obviously we have 


We have 


Nie 


Il $F lo(t@) — o(-@)P. 
On the other hand, from |sin x| < |x|, 
In| s J two + 8) — (A — 8)lde(d) 
< max{e(d + 6) — o(A — 4)]-[e(+~) — o(-—)], 


thus yielding J, + I,—>0 if T—» ©. Schwartz’s inequality 


1 Tr 2 1 T 
Ofna ch fs 


completes the proof of (6). 

Hitherto, no group 7, has been proved to be completely transitive. 
The author expects to treat certain examples suspected already by Poincaré 
of having the property (3). 

1 International Research Fellow. 

2 B. O. Koopman, these PROCEEDINGS, 17, 315-318 (1931). 
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3 J. von Neumann, these PROCEEDINGS, 18, 70-82 (1932). 

4 E. Hopf, these PROCEEDINGS, 18, 93-100 (1932). 

5 G. D. Birkhoff, these PROCEEDINGS, 17, 656-660 (1931). 

6G. D. Birkhoff and P. Smith, Journal de Math., 7 [9],(1928), p. 365. 

7H. Poincaré, Calcul des Probabilitiés, 2nd Edition, Paris, 1912, 320-333. 

8 This remark’ is due to B. O. Koopman who privately communicated it to the 
author two months ago. 


THE INCUBATING PYTHON: A TEMPERATURE STUDY 


By Francis G. BENEDICT, EDWARD L. Fox AND V. COROPATCHINSKY 


NUTRITION LABORATORY OF THE CARNEGIE INSTITUTION OF WASHINGTON, BOSTON, 
MASSACHUSETTS 


Read before the Academy, November 16, 1931 


It is the fixed belief of every farmer’s wife that the sitting and the broody 
hen have high body temperatures. That they are fussy and agitated no 
one doubts, but in 1911 Simpson! showed that sitting and broody birds do 
not have high temperatures. Singularly enough, this erroneous conception 
of a feverish state in the sitting or brooding bird has persisted for decades 
and has led to the conviction that the python coils about her eggs in order to 
supply heat to incubate them. The authentic history of the incubating 
python begins with a report from the French naturalist, Lamarre-Picquot? 
who in 1832 stated before the French Academy that the python of India 
incubates her eggs with sensible heat from the body. Since this statement 
was accompanied by a story to the effect that there existed likewise a snake 
that could ‘“‘withdraw milk from the udder of a cow,” his whole communica- 
tion was given little credence. Indeed, the sharpest critics in the French 
Academy rejected the statements of Lamarre-Picquot as being hazardous 
and questionable. There then followed a controversy on the subject, 
which lasted many years. In 1841 Valenciennes* presented some experi- 
mental evidence obtained in studying a python that had deposited her eggs 
in the Jardin des Plantes in Paris and had coiled about them, as usual. 
Although the method of controlling the temperature in a snake cage was 
crude at that time in comparison with the more modern methods, Valen- 
ciennes tried by every means to rule out all other factors but that of the 
body heat of the snake, and he was convinced that the python had a high 
temperature. In this belief he was strongly opposed by the Director of the 
Jardin des Plantes at that time, Duméril,‘ who contended that in the 
particular case cited by Valenciennes the eggs were spoiled and the heat 
produced was in large part due to the fermentation of the eggs themselves. 
Subsequent observations made in the London Zoological Park, first by 
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Sclater® in 1862 and later by Forbes* in 1881, seemingly confirmed Valen- 
ciennes’ observations, but the difficulty of comparing the temperature of 
the animal and the temperature of the air was always uppermost. Both 
Sclater and Forbes measured the body temperature not only of a male but 
of a female python and found that at times the male’s temperature was 
higher than that of the female. In general, however, the female’s tempera- 
ture was above that of the male, and the temperatures of both animals 
were for the most part above the room temperature. 

In a study of the metabolism and the mechanism of heat production 
of snakes made by the Nutrition Laboratory, chiefly at the New York 
Zoological Park but with some direct calorimetric measurements in Boston, 
we were led to believe that under ordinary conditions the snake has a body 
temperature slightly below its environmental temperature’ and that all the 
heat produced by the snake is lost by vaporization of water. Under two 
conditions only was the temperature of the snake found to be consistently 
above that of the environment. At the peak of digestion the snake’s 
temperature was slightly higher than the temperature of the air around it, 
and after pronounced agitation it was considerably increased. It became 
important therefore to determine whether a snake, unaided by the process 
of digestion or by agitation, can operate any mechanism for raising its 
temperature above the temperature of itsenvironment. Quite by chance it 
was found that a python was incubating her eggs in the new Reptile House 
in the National Zodlogical Park at Washington, D. C., and through the 
kindness of the Director, Dr. W. M. Mann, the Nutrition Laboratory was 
permitted to make a study of this animal. An electrical equipment 
consisting of galvanometer, thermo-elements and thermostats was sent to 
the Park, and since it was realized that it is as difficult to determine ac- 
curately the temperature of the environment as that of the animal itself, 
an experimental procedure was planned that enabled the determination 
not only of the animal’s temperature but of the environmental temperature. 

Fortunately the python was most placid and would allow any amount of 
handling with hardly any indication of disturbance. In the entire series of 
experiments with this animal she gave but one sign of agitation, which was a 
heavy, deep breath, approximating a hiss, in the middle of an afternoon 
session. In any large den in a Zodlogical Park there is always a possible 
source of heat from water pipes and from sunlight entering through the 
windows and skylight, and there is possibility of a cooling effect from the 
contact of the glass window of the den with the cool air of the corridor. 
One could hardly expect, therefore, that the temperature of the air sur- 
rounding the snake in such a den would be equable. Hence, a temperature 
survey of the air about the python was first made, the animal being con- 
sidered to be in a hypothetical, rectangular box of air, and the gradients in 
the temperature of this air at different distances above the floor and away 
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from the snake being carefully noted. Temperature measurements were 
then made at various points on the exposed surface of the snake, between 
the folds, between the snake and the gravel on the floor of the den, and 
occasionally between the folds and the eggs. Since the heating supply of 
the building was entirely shut off, there was no heat under the gravel. 

Our preliminary measurements showed that the skin temperature of the 
snake was definitely above the environmental temperature. The impor- 
tance of this observation decided us to make three entirely independent 
temperature surveys, after each of which the instruments were dismantled, 
the thermostats reset, and the galvanometer and the thermo-junctions 
recalibrated. An abstract of the results is given in table 1. The actual 
number of readings represented by each average temperature is recorded. 
The first half of the table contains the average air temperatures as measured 
on the graveled floor near the python, and 10, 30 and 60 cm. in a vertical 
line above the floor, these vertical gradients being determined at four differ- 
ent points about the snake. The second section of the table contains the 
skin temperature. 


TABLE 1 


COMPARISON OF ENVIRONMENTAL AND SKIN TEMPERATURES OF AN INCUBATING PYTHON 


SURVEY 1 SURVEY 2 SURVEY 3 
NO. OF NO. OF NO. OF AVERAGE 
READ- READ- READ- TEMPERA- 
MEASUREMENT INGS 5, mee: .°C, INGS i TURE! 


Air temperatures: 


Gravel near python 27. = 31.38 3 32.49 8 31.08 31.65 
10-15 cm. above floor 20. =+31.01 8 30.23 9 30.67 30.64 
30 cm. above floor 19 31.07 8 30.39 § 90.41 30.29 
60 cm. above floor 9 31.24 3 30.44 4 29.28 30.32 

Grand average 30.73 

Skin temperatures: 

Under python 10 33.15 15 33.32 10 33.23 33.23 
Near gravel 6 33.00 =P sia 4 33.19 33.10 
On exposed surface  §-_-— 33s: 333..78 16 34.31 17 33.90 33.98 
Between folds 15 338.85 10 34.61 13 34.81 34.42 

Grand average 33.68 


1 Not weighted according to number of readings taken. 


There was a singular uniformity in the temperature of the air at the 
various parts of the hypothetical air box. In spite of the cool air of the 
corridor outside the glass window of the den, the high temperature of the air 
inside the den, and the presence of the observer (although his activity was 
kept at a minimum), the temperature of the air about the snake was 
reasonably constant, averaging for the three surveys 30.73°C. The skin 
temperature of the python was highest between the folds. These tempera- 
tures should perhaps’ more properly be designated as the “body 
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temperature,’ since there was no chance for vaporization between the folds 
and a higher temperature here is to be expected. The average of all the 
skin temperature measurements is 33.68°C. There was, therefore, a 
difference of almost exactly 3°C. between.the average temperature of the 
air about the python and the temperature of the animal itself. If one 
considers that the rectal temperature (had it been taken) would be more 
nearly approximated by the temperature between the folds, which was 
found to average 34.42°C., the difference between the air and the body 
temperatures would be almost 4°C. 

Under the head of ‘‘air temperatures’ in table 1 we have included the 
temperatures of the gravel near the python. It is more than likely that 
these temperatures were influenced by the higher temperature of the 
animal itself and there were convection currents, although rather feeble. 
If the temperatures of the gravel are not taken into consideration, the 
average environmental temperature becomes somewhat lower, averaging 
30.4°C. This temperature is a full 4° below the temperature between the 
snake’s folds, that is, the probable body temperature. Although subse- 
quently the python’s eggs were found to be infertile and partially decom- 
posed, it is extremely improbable that such bacterial action can account for 
more than a very small percentage of the sensible heat noted in this study. 

This observation, that the incubating python has a body temperature 
higher than the air surrounding it, bids fair to be of considerable 
importance in comparative physiology. Since in the various stages of 
animal development from the cold-blooded or poikilotherm to the warm- 
blooded or homoiotherm the birds represent the next advancement after 
the reptiles, and since birds invariably incubate their eggs, it is possible 
that the incubating python forms an intermediary stage between the non- 
incubating reptile and the bird. 

The details of this study are soon to appear in a monograph on ““The 
Physiology of Large Reptiles” (Carnegie Institution of Washington Publica- 
tion No. 425), which is now in press. 
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